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A B S T R A C T
Directional C om pton  profile measurements of alum inium  and  chromium have been 
performed with 60 keV and 412 keV -y-radiation to assess th e  com plem entarity  of the 
’“ Am and ,M Au spec trom eter system s in common use by experim entalists. Revision of 
the data  reduction procedure has yielded sym metrical C om pton profiles within experim en­
tal error for th e  first tim e. T he effects of exchange and correlation on theoretical C om pton 
profiles ca lculated w ith in  th e  local density approxim ation have been evaluated v ia the 
Lam -Platzm an correction ai . applied to existing transition m etal results. Novel experi­
m ents using circularly  polarised synchrotron radiation to d e te c t th e  magnetic C om pton 
profiles of iron and nickel have been performed successfully.
P R E F A C E
Over the past decade C om pton  sca tte ring  has been used extensively to  de te rm in e  the 
d is tribu tion  of electron m om entum  in solids. T h is  is a  result of the advent of high resolu­
tion solid s ta te  detectors and m ulti-channel analysers required to  detect and reco rd  high 
energy spectra. Since the discovery of th e  C om pton  effect in 1923 the interim  period  saw 
very little  activity in this field due to  th e  lim ited detection system s then av a ila b le  and 
long tim e scales involved in th e  m easurem ent of spectra w ith crystal spectrom eters. 
Today th e  Compton scattering technique is acknowledged as a  powerful te s t o f th e  elec­
tron  w avefunction and is successfully perform ed over a range of incident photon  energies 
used in various spectrom eter system s around th e  world.
Unlike the results of charge density  m easurem ents by X-ray diffraction which 
describe electrons in term s of th e ir position in real space, C om pton sca tte ring  m easure­
m ents enable in terpretation  of electron  behaviour in m om entum  space. T hese techniques 
are com plem entary ra ther th a n  rival w ith  th e  description of m atter in e ith e r rea l or 
m om entum  space depending on th e  n a tu re  of th e  property in question.
T h is thesis is concerned p rim arily  w ith  conventional y-ray m easurem ents o n  single 
crystals o f alum inium  and chrom ium  to  assess both th e  confidence lim its w ith  which 
C om pton  profiles can be in terp re ted  and  the inform ation about band s tru ctu re  t h a t  they 
contain. In addition the agreem ent betw een experim ent and local density based  band 
theories is investigated by app lica tion  of th e  Lam -Platzm an correction to ex isting  calcula­
tions w hich describes the effect o f exchange and  correlation on th e  C om pton profile. Novel 
m easurem ents using synchrotron rad ia tion  to  detect th e  m agnetic profiles o f iro n  and 
nickel are also reported and likely developm ents in C om pton spectroscopy are o u tlin e d .
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U n its
T he system  of units adopted  in th is  w ork and in general use in C om pton S cattering  
research is th a t  o f “ atom ic un its”  w here | K | =  | m I =  1 and I c I =  137.036 and  have the 
following relation to  SI units ;
1 i . i .  m om entum  "  1.9929 x  10 34 kg m • 
1 a .u . energy *  4.3598 x  10- 1 * J 
1 a.u . length -  5.2918 x  1 0 " “  m
C H A P T E R  1
P H O T O N  S C A T T E R I N G  T H E O R Y
1. In tro d u c t io n
1.1. In te r a c tio n s  o f  P h o to n s  w ith  M a t te r .
When rad ia tion  impinges on m atter th e  photons in teract w ith  the electron d is tr ib u ­
tion of the ta rg e t m aterial in a variety  of w ays. If the energy of the incident p ho tons is 
less than the threshold for electron-positron pair production (i.e. <  2m0c*) th en  only
elastic scattering, inelastic scattering and photoelectric absorption can occur. T he effect 
o f these in teractions is to remove photons, and therefore energy, from the tran sm itted  
beam. For well-collimated monochrom atic rad ia tion  of in tensity  I*, incident on  an 
absorber, the subsequent reduction in flux is  described by ;
1» “  Ioexp(-p.x) (1-1)
where I, is th e  transm itted photon in tensity  and x is the absorber thickness, p. is the 
linear absorption coefficient and is dependent on the to ta l sca ttering  cross-section (i.e. a 
measure of the combined probabilities th a t  a  photon will in terac t in some way w ith  the 
scatterer).
The aim  of this section is to  describe these interactions and  to  characterise th e  cou­
pling between ta rg e t and probe by the incident photon energy and change in photon 
wavevector on scattering.
1 .1 .1 . E la s tic  S c a tte r in g
Elastic scattering is the interaction between photons and electrons which resu lts  in 
deviation of photons from the incident beam  w ithout any transfer of energy to  the
- 2 -
scattering  electrons. Although the m agnitude o f the photon w avevector remains constan t 
during  this interaction, its direction is dependen t on the sca ttering  angle and th e  subse­
quen t transfer of momentum is absorbed as a  collective excitation of the sca tte ring  sys­
tem . The intensity of an elastically sca tte red  beam  is described by the classical Thom son 
cross-section and in non-crystalline solids th is  interaction occurs a t  all sca tte ring  angles
(see Jam es, 1948), i.e.
( 1.2)
which for unpolarised radiation becomes ;
2
(1.3)
where ( —  I is the Thomson cross-section, [ — —  1 is taken  to  be th e  classical electron 
U f t  JTh l  m0c* '
rad ius, r0, 9 is th e  scattering angle, m0 is th e  electron rest mass and «, and e ,  are the
polarisation vectors of the incident and sc a tte re d  photons respectively.
For the case of bound electrons, w hich are d istribu ted  over a  volume w ith diam eter
com parable to  X-ray wavelengths, th e  am plitude  of elastic sca ttering  is a  function  of
For long wavelengths an d /o r sm all sca ttering  angles, therefore, photons scat- 
X
tered  in the forward direction are in phase a n d  all electrons con tribu te  equally to  th e  scat­
tered intensity . For sm aller wavelengths a n d /o r  higher sca tte ring  angles, however, the 
interference between scattering  from differen t p a rts  of the electron density is described by 
the atom ic form factor, f(K ), and th e  cross-section becomes :
(1.4)
w ith
f | K ) - / p ( r ) . x p ( - i K . f ) d ( I S )
- 3 -
where K  is the change in photon wavevector on sca tte rin g , i.e. | K | =*
4tt ainQ/2
, and p (r)
K
is the charge density. T he form factor is given b y  the inverse Fourier transform  of p (r) 
and its m agnitude may be obtained from X -ray  diffraction experim ents (see W arren, 
I960).
If the charge density is periodic (e.g. as in a  single crystal) th en  the form factor is 
periodic, i.e. i t  only exists for values of K =  G  — a reciprocal la ttice  vector, and Bragg 
reflection occurs in specific directions.
1.1.2. In e la s tic  S c a t te r in g
Inelastic sca ttering  involves energy tra n sfe r  from  the probe to  th e  targe t and is 
therefore necessarily incoherent in nature. This in te ra c tio n  is generally described by one of 
tw o mechanisms.
When th e  m om entum  transfer from photon to  an  individual electron  is conserved the 
interaction is referred to  as C om pton sca tte rin g . For the case w here the corresponding 
energy transfer greatly  exceeds the binding en e rg y  of the sca ttering  electron an impulse 
approxim ation is deemed to  be valid and the e le c tro n  is ejected in to  a plane wave s ta te . 
T he in teraction  then simply becomes a binary encounter between photon and electron 
w ith the cross-section for C om pton sca tte ring  independent of o th e r bound electronic 
states. Inelastic scattering, therefore, cannot t a k e  place if the energy transferred to  a 
bound electron is less th an  its  binding energy d u e  to  the absence of an  unoccupied final 
s ta te . Sim ilarly, for the case o f conduction e le c tro n s in metals, C om pton  sca ttering  will be 
restricted if the m om entum  transfer is less th a n  th e  Fermi m om entum , Kkf, of the free 
electron gas.
In con trast to  elastic sca ttering , the ine lastica lly  scattered in ten sity  from an atom ic 
d istribution is simply Z times th a t  from a  single e lectron  in any d irec tion  since there is no 
constan t phase relationship between incident a n d  sca ttered  waves and  hence no in terfer­
ence effects between different scattering am plitudes.
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When the energy transfer between photon and electron is of the order of the electron 
binding energy the m omentum is absorbed by the w hole crystal ra ther than  an individual 
electron. This is the regime of Raman scattering  in which the encounter results in a 
change in the s ta te  of the scattering atom  w ith th e  m atrix  element describing the interac­
tion depending on initial and final accessible atom ic s ta tes . If a bound electron is excited 
from energy s ta te  Wm to  s ta te  Wn, where Wn represents the lowest unoccupied level, the 
energy loss of a  Ram an scattered photon is described by ;
where v, and vt are the incident and em itted  photon frequencies respectively. Spectral lines 
resulting from Ram an scattering, therefore, are characteristically  sharp  because both ini­
tial and final s tates are discrete and occur close to  binding edges in observed spectra 
where th is interaction dom inates the photon-electron sca ttering  process.
1.2. T h e  C o m p to n  E ffect
In 1923 Compton showed that for a photon colliding with a  sta tionary  electron con­
servation of m om entum  and energy in th e  direction o f the incident wavevector leads to  a 
discrete scattered photon energy for a  given sca tte rin g  angle, i.e. ;
where «a, and <a, are the incident and sca ttered  p h o to n  energies respectively, c is the velo-
moc
Considering a beam of low energy photons (i.e. Kt » K c) interacting w ith stationary  
electrons, equation 1.8 predicts a  very sm all change in wavelength on sca ttering , i.e. ;
M * ,-* ,) “  Wn-W „ ( 1-6)
(1.7)
or more familiarly in term s of photon w avelength,
A \  =  X , - X ,  “ ( 1.8)
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Consequently there will be little  change in the photon w avevector such th a t
By varying the scattering angle from  0  to  it radians, therefore, i t  is possible to  scan a 
wide range of energy and momentum space w ith | K I varying from  0 to  a m axim um  of 
2 | l c , | ( i . e .  when 0 = it). Figure 1.1 shows an  approxim ate classification of th e  m ain types 
of scattering  process in term s of energy a n d  m om entum  transfer [i.e. the region of ( K , u>) 
space being sam pled by the probe] referred  to  characteristic energies, u»ehMM (e.g. absorp­
tion edges), and wavelengths, XthMM (in terp artic le  spacing, screening length etc .), o f the 
sca ttering  system . The region of ( K , tu) space below KXchar. e =  1 describes in teractions 
which involve very little  or no energy tra n sfe r  and is consequently the regime of elastic 
sca ttering  or photoelectric absorption. A bove K \eh„ . c =  1 the photon in terac tion  is 
predom inantly w ith one electron and is characterised  by large energy and m om entum  
transfers which is the regime of Com pton  an d  R am an scattering.
1 .2 .1 . C o m p to n  S c a t te r in g  w ith in  t h e  B o rn  A p p ro x im a tio n
T he theory of Compton sca ttering  is usually developed w ithin th e  weak coupling 
lim it between photon and electron com m only referred to  as th e  Born A pproxim ation (see 
G o ttfried , 1966).
If the scattering potential is sufficiently weak th e  electrom agnetic field of the photon 
may be trea ted  as a small perturbation  on  th e  electron in which case the Golden Rule m ay 
be used to  calculate the transition p ro b a b ility  between initial and final electron momen­
tum  states. T his is the lowest order B orn A pproxim ation and its most significant conse­
quence is th a t  the inelastic scattering  am p litu d e , o r m atrix element describing a  given 
transition , depends only on the change in photon wavevector, K , and energy tran sfer to
I k |  | ~  I k 2 | . Under this condition the m om entum  transfer is given by ;
(1.9)
charac
Compton
Raman
Elastic
Many-Electron 1 Single-Electron ^^charac 
Interaction
F ig u re  1.1 Classification o f  th e  type of sca tte ring  process according to  th e  region of 
(K ,o>) space being sam pled  referred to  characteristic energies, u eK,fM i an<  ^
wavelengths, Xch. rM , o f  th e  scattering system . The m agnitude of th e  m om entum  and 
energy transfers are defined  by the C om pton  sh ift equation.
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the system, u». Therefore the energy distribution of radiation sca ttered  a t a fixed angle 0 
into a solid angle dft with an energy  bandw idth du>, i.e. the measured double differential 
scattering cross-section, can be w r it te n  as a product of two term s, one of which charac ter­
ises the natu re of the interaction a n d  the other describes the dynam ics of the sca tte ring  
system (i.e. the relative electron d is tribu tion ), such th a t  ;
datr
d lld u i
“  ~  “ I S<K - “ > (1 1 0 )
where [—— Ì represents the coup ling  between probe and ta rg e t and S(K ,uj) is a general-
IdO  J0
ised scattering factor. The fa c to r  —  reflects the energy dependence of th e  double 
differential scattering cross-section a n d  is derived from the density of electron sta tes.
1.2 .2 . S em i-C la ssic a l T r e a t m e n t  o f  Ine las tic  S c a t te r in g
The scattering factor is given by  th e  Golden Rule as ;
S(K m ) -  2 2  I «  I 2 « P ( i  K . r , ) l i >  11 * (E '-E ‘- W )  ( i .U )
r i i
This expression contains two physically  different pieces of inform ation. The m atrix  ele­
ment (evaluated between in itia l an d  final electron s ta tes  < f |a n d | i > )  describes the 
scattering am plitude of the in te ra c tio n  and the d elta  function ensures conservation of
energy during the scattering process. T he factor £  exp( iK .r j) , the Born operator, is sim-
J
ply the phase of the sca tte ring  am plitude from the j ,h electron. Equation 1.10 now 
becomes the general scattering form ula , 1.12, which describes the complete range of 
photon-electron scattering, i.e. ;
]  2 2 1 < r  1 2 « e O K ) I i >  11 a (E ' -  E ‘ -  fc* 0
' o  t I j
d aq  M i  i  d g
d lId io  u>, l d i i
( 1. 12)
F ig u r e  1.2 T he kinem atics of a  p h o to n  ( k , ,  « ,)  in terac ting  with a  free electron ( p , ,  E ,).
A C om pton experim ent yields inform ation  ab o u t th e  com ponent o f electron momen­
tum , p . ,  aligned with the sc a tte r in g  vector, K .

In order to  determ ine th e  delta  function in eq. 1.12 it is necessary to  express the 
energy transfer on sca tte ring  in terms of the sca ttering  vector and th e  initial electron 
m omentum. It can be seen, aga in  from figure 1.2, th a t  in the single partic le  regime A«» is 
given by ;
_ Ip ,  *  K>* I p , I '
2m0 2m0
IK  I* K  P i
(1.18)
The first term  on the righ t-hand  side describes the recoil o f the electron. T he second 
term  is directly proportional t o  K .p ,  which represents the com ponent of the electrons 
m omentum parallel to  the sca tte ring  vector (conventionally defined as pa), and hence 
describes a Doppler shift in th e  energy of the sca ttered  radiation. Since p a is constan t for 
a given electron, the num ber o f initial electron s ta tes  which correspond to  an energy 
transfer Au> is obtained by sum m ation  over all s ta tes  in the p ,  py plane. Consequently 
w ithin the LA and ensuring conservation of energy the general sca tte ring  form ula may be 
w ritten  in term s of a two dim ensional integral over p ,  and pf , i.e. ;
d*<r ( d<r |
Un l . l - ,  I /  /  "(P ) » <*»
Ik I*
2m0
d p ,  d p (1-19)
T his double integral, therefore , may be formally defined as the one-dim ensional electron 
m omentum distribution m easured  along the sca tte ring  vector, o r th e  C om pton profile, 
J (p .) , i.e. ;
J ( P .)  *  /  /  « (P ,. Py i P .)  d p ,d p r  (1-20)
p.  p,
where n (p ,, py , p a ) represents th e  density of electrons per unit m om entum  having to tal 
m omentum p  (■  p ,  +• py p a ).
By inverting eq. 1.18 i t  can  be seen th a t  each energy point in th e  C om pton cross-
section corresponds to  sca tte rin g  off an electron w ith momentum com ponent, p ,, given by 
(« , -« - ,)« ■  «,«-,(» -  «>.«)
p .  -  — — ; ----------------------r r  <«•«>
(« , * “ * -  ¿ai.ojjco.e)
It should be possible, there fo re , to  relate the m easured double differential cross-section to 
the Compton profile in th e  lim it of large m om entum  transfers, i.e. ; 
d*«r
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■ C(wItu.a ,e) J ( p .) ( 1.22)
where C is a  constan t de term ined  by u»,, wa and 0. T he remainder of th is section is con­
cerned with the fo rm ula tion  of an expression w ith in  the LA describing the coupling
between targe t and probe, ( — ■ I , from which C m ay be evaluated . If eq. 1.22 can be
l an J0
shown to  hold, therefore, th e  C om pton profile of th e  electron d istribu tion  can be ex tracted  
from the measured cross-section.
P la tzm an and T zo a r (1965) derived the semi-classical double differential cross- 
section for a free s ta tio n a ry  electron from th e  m atrix  elements of th e  | A I term  in the 
Schrodinger equation (i.e. th e  non-relativistic lim it). The C om pton effect, however, is a 
relativistic phenomenon an d  consequently this form ulation, which results in the Thom son 
cross-section, does not p rov ide  an adequate description of inelastic sca ttering .
T o  ob tain  the cross-section for relativistic final electron s ta tes  i t  is necessary to  
quantise the photon field an d  to  describe the e lectron  energy, averaged over all electron 
spins, by the Dirac eq u a tio n  (see Klein and N ishina, 1929). T his results in th e  well-known 
Klein-Nishina inelastic sc a tte rin g  cross-section. I t  is given by 1.23 and describes the rela­
tivistic scattering of p h o to n s by a free, sta tionary  electron.
(1.23)
T his particular fo rm ula tion , however, is only applicable to  unpolarised photons since 
i t  does not elim inate con tribu tions to  the cross-section from  photons sca ttered  into
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polarisation states perpend icu lar to  th a t o f th e  incident radiation.
In the limit for low energy photons (i.e. o>l « m 0c>) u , km,  and  eq. 1.23 necessarily
reduces to  the Thom son cross-section, i.e. the elastic scattering limit.
1.4. In e la s tic  S c a t t e r in g  C ro ss -S e c tio n  fo r  M o v in g  E le c tro n s
In order to  fo rm u la te  th e  inelastic sca tte ring  cross-section for high energy photons 
sca ttered  from m oving e lectrons it is necessary to  extend th e  analysis of Klein and 
Nishina to  include re la tiv is tic  initial electron states.
Jauch and R ohrlich (1955) found th e  cross-section to  be dependent on the initial elec­
tron  m om entum , p , ,  ra th e r  than  p , im plying th a t  the m om entum  density cannot be 
ex tracted  according to  eq. 1.22. Equation 11.9 in Jauch  and Rohrlich is the basic starting  
relationship and leads to  ;
where X is a flux fa c to r dependent on p „  which therefore canno t be removed from the
N ishina cross-section, th e  above formalism does no t observe the polarisation of either the 
in itia l o r final s ta te  o f th e  photon.
T he problem o f e x tra c tin g  J (p .) from eq. 1.24 was partia lly  resolved by Eisenberger 
and Reed (1974) who assum ed the initial electron  motion to  be only mildly relativistic, in 
which case E , may be rem oved from th e  in tegrand , and by M anninen, Paakkari and 
K a jan tie  (1974) who sim plified the flux fa c to r by assuming a sca tte ring  angle of 180°, i.e.
/  d p , dpy n(pt) X (pt) (1.24)
d lld to P .
s
p ,.k ,  p , .k f 1 1
(1.25)with X “
P f k f  P f k s
in tegra tion , and E, is  th e  in itia l electron energy ( *■ (p,c +  mi, c4)l/ l  ]■ As w ith the Klein-
close to  th a t  com m only used experimentally.
Ribberfors (1975 a , b ) extended th is analysis by in teg ra ting  the relativistic cross­
section (eq. 1.24) by p a r ts  to  yield a rapidly converging series of term s involving J (p ,)  and 
X’, the flux factor m odified to  take account of the photon polarisation. Neglecting all but 
the first o f these term s (i.e. those insignificant compared to l/w*) leads to  the zeroth order 
Ribberfors cross-section, i.e. ;
1 7 3 4d o  r0 m0u.ac
--------------------;— —  X' J(p .)
dlldti) 2u>, I K  I E,
(1.26)
where X' is defined by equations 30 - 33 in Ribberfors (1975a) and reduces to  X in 
the back scattering lim it.
Eq. 1.26 is com pletely general with respect to  scattering angle and is accepted as the 
standard  cross-section used by experim entalists. For cases where the electronic m otion is 
highly relativistic, such  as the rare-earth m etals, higher order term s in Ribberfors series 
may be included in th e  cross-section although for most m easurem ents the zeroth order 
approxim ation is com plete ly  adequate w ithin the present lim its of experimental accuracy.
Figure 1.3 shows th e  variation of —------- - with m om entum  for three incident ener-
X'(6)
gies and 110° and 150° sca ttering  geometries. In this figure X(180°) is the simplified flux 
factor, applicable only  to  180° scattering, and X'(0) is the generalised flux factor a t tr i­
buted to  Ribberfors. T h e  deviation of the curve from the p .  axis indicates the failure of 
the approxim ate cross-section to  describe C om pton spectra particu larly  a t high values of 
m omentum. Consequently  for high incident energies and low scattering angles the 180° 
approxim ation is no longer valid and J (p .)  should be ex tracted  from experim ent via the 
Ribberfors cross-section (eq. 1.26). Indeed, if  th e  180° approxim ation is used errors of up 
to  5% J(0) are inheren t in the Compton profile a t  10 a.u. which is significant com pared to 
experim ental accuracy ( ~  0.5%  J(0) J. Since the Ribberfors cross-section is used in the 
work reported here th ese  errors do not reduce the accuracy of th e  processed data.
1 .4 .1 . S p in  D e p e n d e n t  Effects
F ig u re 1 .3  V ariation  of
X(180°)
X'(«) re la tive to  X'(0) w ith p .  for various incident photon
energies fo r (a) 110° and (b) 150° sca ttering  geom etries. T he m agnitude of th e  ra tio  is 
equivalent to  the error in troduced  to  the C om pton profile if J (p ,)  is ex tracted  from 
m easured d a ta  via the approx im ate cross-section o f M anninen e t  al (1974) ra ther 
th an  th a t  a ttrib u ted  to  R ibberfors (1975).
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To describe the effect of electron spin on th e  inelastic sca tte ring  cross-section the 
matrix o p era to r A  used to  couple th e  photon to  electron in th e  relativistic form ulation 
was re-w ritten  by P latzm an and T zoar (1970) as a  sum of spinless and spin dependent 
term s i.e. ;
MJh *  AJh *  ¡B.«rJfc (1.27)
where a jk is th e  electron spin m atrix  (see Gasiorowicz, 1974) and B is given by th e  expres­
sion ;
B =  L . « ,  , k ( x k t ) -  — (K .K K«i x «») ~ K x (K  x «t x «*) I (1.28)
m 0c 1 2 )
If the to ta l e lectron  spin is non-zero there is a  con tribu tion  to  th e  cross-section from the 
¡A(B.<r) and B 3«t3 term s. Since th e  ra tio  of th e  m agnetic to  th e  electric dipole of an elec-
«i>,
tron  in an  electrom agnetic field is o f the order — ----- however, then the B term  is
n»0e*
small com pared w ith the A 3 term  for low incident energies and  may be neglected in 
Compton experim ents where u>, «  m0c3.
The cross o r interference term  in I M I 3 is im aginary and consequently vanishes for 
real photon polarizations. If, however, circularly polarized rad ia tion  is used as a  probe i.e.
(1.29)
where u„ and  u y are the com ponents of the photon polarization in the plane perpendicu­
lar to  k , ,  th e n  th e  product e ,.« , is complex and th ere  is a contribu tion  from th e  A (B .o ) 
term  to  th e  to ta l  cross-section.
A ssum ing the Thom son differential sca tte ring  cross-section to  describe the in terac­
tion of c ircu larly  polarised rad ia tion  w ith an electron and the m atrix  operator given by 
eq. 1.27, P la tzm an  and Tzoar (1985) showed th a t  th e  spin dependent double differential 
cross-section is given by ;
- 13 -
(1.30)
where np , a n d  npi are the m om entum  densities of spin up and spin down electrons respec­
tively and B . is the projection of B along the sca tte ring  vector. By taking th e  difference 
between cross-sections for electrons of opposite spin (i.e. by replacing n pl w ith npi and 
vice versa a n d  subtracting) the cross-section becomes ;
polarised ph o to n s with electrons of spin a  and is of th e  form (see Lipps and Tolhoek, 
1954);
fm is the frac tio n  of unpaired spins, and will be m ost appreciable for high scattering 
angles (i.e. k , parallel to  a )  and high incident energies (see Holt and Cooper, 1983). This 
is illu s tra ted  by figure 1.4 which shows (a) the ra tio  o f the spin dependent cross-section 
(eq. 1.32), dcr„ to  the ordinary Klein-N ishina cross-section (eq. 1.23), d<r0, and (b) the 
K lein-N ishina cross-section as a  function of sca tte ring  angle for three incident photon 
energies. I t  can  be seen th a t  the spin dependent term  in the cross-section only becomes 
significant com pared to  th e  Klein-N ishina cross-section a t  scattering angles ~  180° and 
incident energ ies >  25 keV and consequently m agnetic Compton sca ttering  experiments 
are perform ed close to back sca tte ring  geometry w ith  synchrotron rad ia tion  which facili-
where I----- I describes the additional term  arising from the interaction of circularly
I d f l  )
A
t
"  ro <r.(k|Cos 6 + k t ) (1.32)
k , ui, in.
Since ------  ~  -------  th is  term  contributes — fm------- to  the total cross-section, where
m 0c m0c m0c
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tates o p tim isa tio n  of the incident photon energy and intensity.
1.5. V a l id i ty  o f  th e  Im p u lse  A p p r o x im a t io n
T he essen tia l feature of th e  Impulse A pproxim ation is th a t An electron bound to  its 
paren t a to m  m ay be regarded as a  free electron bu t having the sam e m om entum  d istribu­
tion as it  w ou ld  have in the ta rg e t atom  (see W illiam s, 1977). This approxim ation is only 
valid when th e  energy transfer greatly  exceeds th e  electron binding energy so th a t  the 
electron is e jec ted  into a con tinuum . Since th e  tim e th e  photon spends probing th e  elec- 
K
tronic d is tr ib u tio n , -  ---- , is sh o rt for large m om entum  transfers, then the poten tial
Aw
energy, V ( r ), is effectively c o n stan t for the du ra tio n  of the interaction and cancels o u t of 
the delta  fu n c tio n  in the general sca ttering  form ula for bound electron states. Conse­
quently if th e  Impulse A pproxim ation holds th e  encounter is binary and impulsive with 
the o ther e lec trons unable to  relax before th e  photon and electron have escaped from  the 
sca ttering  sy stem  (i.e. take account of the hole created  during the interaction).
W ith in  th e  IA it is possible to  form ula te a  relatively simple relationship between the 
second d ifferen tial scattering cross-section and the Compton profile for free, sta tionary  
electrons as  shown in section 1.3. For the case of bound electrons, however, where the 
energy tra n s fe r  is o f the order of th e  electron binding energy, th is relationship becomes a 
com plicated function of in term ed ia te  electron s ta tes  and ex traction  of the C om pton 
profile from  th e  measured cross-section is impossible.
In th e  form ulation of th e  cross-section so far only plane wave s ta tes  of the sca ttered  
electron h av e  been considered although clearly  it  is possible to  chose more realistic final 
electron s ta te s  such as orthogonal or augm ented  plane waves (O PW ’s or A PW ’s). Addi­
tionally th e  electron may be assigned an in itia l energy incorporating th e  effects of binding 
s
and no t m erely  ------. T he effect o f these changes has been calculated by various au tho rs
2m0
(see E isenberger and P la tzm an, 1970 and M endelsohn and Biggs, 1973) using exact hydro- 
genic (EH ) final states to  describe s-type o rb ita l electron sca ttering . These calculations
indicate t h a t  the subsequent correction to the IA is proportional to  --------------------  and
I k  I '
hence is negligible until the energy transfer becomes comparable to  the electron binding 
energy. A t  th is  point the im pulse hydrogenic (IH) result (i.e.- th a t  obtained for momen­
tum  tra n s fe rs  much greater th an  the Is binding energies) exceeds the EH result and there 
is a s ligh t s h if t  in the position o f the Compton peak. This observation is consistent with 
the resu lts  o f  more sophisticated theories (see C u rra t, DeCicco and Kaplow, 1971. C u rra t, 
DeCicco a n d  Weiss, 1971, M endelsohn, Bloch and Smith, 1973, Bloch and Mendelsohn, 
1974 and  M endelsohn and Bloch, 1975) which have subsequently been developed to 
include e le c tro n  correlation and exchange effects, a wider range of photon energies and 
higher hydrogenic electron shells (L and M).
E xperim entally  the validity  of the Im pulse Approximation has been investigated 
with low en erg y  spectrom eters (u>, <  60 IteV). Shifts in the position of th e  Compton peak 
relative t o  t h a t  predicted by eq. 1.7 of up to  20 eV have been discovered by Weiss (1975) 
and W eiss, Cooper and H olt (1977) using Mo K , ,  X-rays (17.6 keV) to  study  Al, 
P o lyethy lene and Li and by B arlas, Rueckner and Wellenstein (1977) using HEEIS (High 
Energy E lec tro n  Impact Spectroscopy) in a study  o f Ha, He and Dr  M anninen, Cooper and 
Cardw ell (1986) used 60 keV -y-rays to  measure th e  Compton profile of Al and graphite  
and o b se rv ed  an asym m etry around p, =  1 a.u . b u t detected no sh ift in the Compton 
peak c e n tre  (see section 3.3.2.1)
In g en e ra l the point a t  which the IA breaks down is well understood. It holds for 
loosely b o u n d  valence electrons bu t fails for th e  core if the energy transfer is not 
sign ificantly  greater than  th e  binding energies of th e  scattering electrons. To ensure th a t  
J (p .)  ca n  b e  easily extracted from  the measured cross-section, C om pton scattering experi­
m ents u su a lly  involve high sca tte ring  angles and large m om entum  transfers in which case 
all e le c tro n s  contribute to  th e  to ta l profile. T h u s by appropriate choice of experimental 
conditions th e  breakdown of the Impulse Approxim ation does no t pose a  problem.
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C H A P T E R  2
E L E C T R O N  D IS T R IB U T IO N S  IN  M O M E N T U M  S P A C E
2 .1 . T h e  D i r a c  T ra n s fo rm a t io n
In real space the solutions of the Schrodinger equation  yield the real space one- 
electron w avefunctions, «|»j(r), th e  square of which gives th e  probability  d istribu tion  of the 
j*h electron. T h e  charge density, p (r), for a  many electron system  is then ob tained  by sum­
ming the o n e  electron distribu tions over all electrons, i.e. ;
tron  p ro b a b ility  distribution in m om entum  space. Consequently  the m om entum  distribu­
tion o f m an y  electrons, n (p ), is given by ;
P e rh a p s  th e  most obvious m ethod, therefore, of ob tain ing  th e  m om entum  space 
w avefunctions is to  solve the Schrodinger equation in m om entum  space, i.e.
in exactly  th e  sam e way th a t  th e  ^ ( r )  are ob tained  from  the real space form ulation. In 
practice, how ever, th is method is no t s tra igh t forw ard since V(p) is ob tained  by Fourier 
tran sfo rm in g  th e  Coulomb poten tia l, V (r). Consequently  eq. 2.3 is an  in trac tab le  integral 
equation a n d  can only be solved for relatively simple electron distribu tions such as the one 
electron hydrogenic atom  (see Fock, 1935) and th e  2 electron He atom  (M‘W eeny and
P (r) =  2  « M O 'M O ( 2 . 1 )
i
Sim ilarly i f  X j(p) are the m om entum  space w avefunctions th en  x, (p ) Xj(p ) 18 l h« on« «l«c*
*»(P) =  2  X, (P ) Xj(p) (2 .2 )
(2.3)
Coulson, 1949, and H enderson and Scherr, 1960) -  more com plicated electron densities 
require an altern ativ e  m ethod.
Such an a lte rn a tiv e  is to  solve the Schrodinger equation  in real space and to  Dirac- 
Fourier transform  th e  resu lting  wavefunctions according to  the following equation ;
x ( p )  *  — 2  /  ^<pj )*xp ( -  1 p j p i ) <d r ) (2 -4)
(2vr) j
then the m om entum  d is tr ib u tio n  is given by ;
"(P ) =  2  I /  * j(p ) **P(- l P  -p ) <*p I (2 -5 )
J
T he tran sfo rm atio n  2.4 is clearly only practicable if  th e  to ta l N-electron wavefunc- 
tion  in position sp ac e  can be w ritten as th e  an tisym m etrical S la ter de term inant of the 
one-electron w avefunc tions (i.e. the H artree-Fock scheme). In th is  case the to ta l electron 
m om entum  w avefunction , X(p), is given by the dete rm inan tal p roduct of the individually  
transform ed electron  o rb ita ls  and can readily  be obtained  for complex electron d is tr ib u ­
tions provided th e  re a l space w avefunctions are know n. Benesch and Sm ith (1973) 
developed a  form ulism  along these lines to  take account o f electron-electron correlation 
effects, which are neglected  in the H artree-Fock approach (see section 6.1.1), and  subse­
quently provided a  m ethod  of constructing  the m om entum  d istribu tion  from th e  m ost 
com plicated position  space w avefunctions.
Podolsky and  P a u lin g  (1929) form ula ted  a  general expression for the Dirac tran sfo r­
m ation of hydrogenic electron o rb itals which when w ritten  as a  p roduct of rad ia l and 
angular com ponents d o  no t change their form  on transfo rm ation , i.e. ;
t i l - l - U ' I U ' . . * . !  (2 > )
transform  to
X ,IP )“ P .,(P )Y ,„ (» P, * . )  <2 7 >
Hence the spherical harm onics in position space, Y,m(6r, 4>r)» which determ ine th e  sym ­
metry of the w avefunction, a re  independent of th e  transform ation and may be removed 
from the integral in eq. 2 .4 . Consequently th e  only difference between the position and 
momentum rep resenta tions arises from th e  transform ation o f the radial p a r t  o f the 
wavefunction [i.e. Rn,(r) -  P nl(p)J.
For simple Slater ty p e  orbitals (see S later, 1930), analy tic  expressions for the 
momentum space w avefunc tions and hence C om pton profiles can be readily obtained , as 
illustrated by table 2.1, a l th o u g h  in general calculation of th e  exact m om entum  distribu­
tion is much more difficult.
2 .2 . P ro file  R e p r e s e n ta t i o n s  o f  Iso tro p ic  D is tr ib u tio n s
The general d esc rip tio n  of J (p .)  by eq. 1.20 in the preceding chapter defines the 
direction dependent C o m p to n  profile measured along the sca tte rin g  vector and is applica­
ble to  all electron m om en tu m  distributions. In particular th is  equation may be used to 
exploit differences in d irec tio n a l profiles for crystalline sca tte rin g  system s by orienting 
different sym m etry d irec tio n s  (i.e. p .)  w ith th e  scattering vector. For isotropic distribu­
tions, however, such as g ase s , liquids or powders where the directional properties are lost, 
transform ation of eq. 1 .20  to  cylindrical polar coordinates resu lts  in the isotropic Comp­
ton profile defined by ;
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J(q) -  2ir /  p n(p) dp (2 .8)
where n(p) is the sca la r m om entum  d is tribu tion  and J(q) is used to  denote an isotropic 
C om pton profile. Since th is  equation is only applicable to  spherically sym m etric momen­
tum  densities i t  is co n v e n ien t to  define a  rad ia l momentum d istribu tion , I(p), in an analo­
gous way to  the radial c h a rg e  density used in X-ray diffraction studies, i.e.
I(p) =  4irp>n(p) (2.9)
in which case the iso tro p ic  C om pton profile becomes ;
1 \  I(P)
JM
a .  p
(2 . 10)
J
o r b i t a l 7n ■Mr) x ( p ) J (« i)
1* 2 .7 0 (t ) — ' P 4 f  . 1 ..
' •  1 
( y ?  -r q 3) 3
2« O.OS It t I '  3-n2 '  i l l  +  p Y
8- y ?  ( 6q ‘ -  2 0 y aV  *  2 3 y J )
9- n  S (y .j *  q 3)*
* P 0 .8 5
( 3 ^  1 r  e° " e  € * P  ~  y * T '  w  '  ( y i  *• p ’ )3
3 * 7 , '  y i  *■ K *
18w  ( y i  *  q 3)*  i
1
T a b le  2.1 M omentum space w avefunctions, x(p)> a °d  Compton profiles, J (q ) , derived 
from the Is, 2s and 2p S la te r- ty p e  orbitals, t |i(r), of Li (see Podolsky and Pauling, 
1929). These orbitals, w hich tak e  no account of electron correlation and band s tru c ­
tu re  effects, are of a s im p le , no-nodal form  and consequently enable th e  above 
m omentum space expressions to  be form ulated analytically according to  equations 
2.10 and 2.4. The p a ram ete r y n is related to  the inverse of th e  principle quan tum  
num ber and therefore reflec ts the spatial ex ten t of the w avefunction and the angle 6 
defines the orientation o f  th e  m omentum vector relative to  th e  pt  axis (i.e.
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l(p), therefore, may be extracted from a m easurem ent by inverting  eq. 2.10 ;
( 2. 11)
By evaluating the principle m om entum  expectation values o f the radial d istribu tion  
function, < p " > , where
it is possible to  ex trac t electron density  p ro p e rties  of physical in terest from the C om pton 
profile (see Epstein, 1973). Assuming th e  co rrec t asym ptotic behaviour of n(p) a t  large p 
(see W illiam s, 1977; chapter 5), so th a t  th e  integral in eq. 2.12 does not diverge, th e  most 
commonly encountered m om ents have th e  following m eanings ;
< p - 1 >  = 2J(0), the peak value o f  th e  Compton profile.
< p ° >  -  Z, th e  num ber of e lec tro n s per atom.
< p ‘ >  ”  the mean electron m o m entum .
< p a>  -  2 x th e  to ta l kinetic en e rg y .
Higher order m om ents are unbounded a n d  therefore canno t be obtained from J(q).
Perhaps the m ost im portan t of th e se  m om ents is th e  to ta l  kinetic energy since it 
gives a  m easure of the quality  of the C o m p to n  profile v ia th e  virial theorem  w hich, for 
Coulom b in teractions, equates the av erag e  kinetic energy per bound electron to  th e  to tal 
energy w ith  a  change of sign. In a d d itio n  th e  second m om ent also provides a  m eans for 
determ ining molecular binding energies (see  Holt and C ooper, 1980). In practice, however, 
little  significance can be placed on th is  q u a n ti ty  when derived from experim ent due to  the 
sta tistica l inaccuracy of measured profiles a t  high m om enta which is amplified when cal* 
culating < p * > .
< p " >  “  /  p " 1(p ) dP • 
o
or equivalently, <qn>  “  2(n — 1) J" q* J(q) dq
(2 . 12)
(2.13)
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2 .3 . R e c ip ro c a l  R e la tio n sh ip s
T he com plem entarity between real space a n d  momentum space wavefunctions 
described in the previous section may be extended to  describe other func tions of physical 
in terest in m om entum  density studies. In an a n a lo g o u s way to which charge  densities are 
obtained by Fourier transform ing the measured fo rm  factors in X-ray diffraction experi­
m ents. it  is possible to  define a reciprocal form fa c to r , B(r), as the F o u rier transform  of 
the three dimensional m omentum distribution in a  sim ilar way to w hich f(K ) is defined in 
eq. 1.5, i.e.
B (r)  =  /  n (p )  exp ( - 1  p . r )  d p  (2 .1 4 )
T he B-function, therefore, is a real space re p rese n ta tio n  of the C om pton  profile and m ay 
be in terp re ted  in a  com plem entary fashion to  th e  atom ic form factor by writing f(K) and 
B(r) as the autocorrelation of the momentum a n d  position space w avefunctions respec­
tively i.e. ;
f (K ) =  J x  (p ) x (p  h ) d p  (2 .1 5 )
B < r ) - j V ( r ')* ( ■ "  - * - r ) d r ' (2.16)
where bo th  functions are subject to  the n o rm alisa tio n  rule f(0) =  B(0) =  Z, the atom ic 
num ber of the sca tterer.
Since C om pton scattering experim ents y ield  on ly  one dimensional distributions, how­
ever, i t  is convenient to  evaluate the B-function a lo n g  one direction. In this case B(s) can 
be w ritten  as th e  Fourier transform  of the C o m p to n  profile and m ay  consequently be 
obtained experim entally (see P attison , W eyrich a n d  W illiams, 1977) i.e . ;
B (s )  — /  /  /  n ( p , ,  p r , p . )  e x p  ( - i  p . s )  d p „ d p y d p ,  (2 .1 7 )
-  /  J ( P . ) « P  ( “ 1 P . » )  <*P. (2 .1 8 )
Inspection of the overlap integrals 2.15 a n d  2 .16 reveals th a t  for high and in term edi­
ate  values of K  the main contribution to  f(K ) co m es from the high velocity  core electrons
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ra the r than  th e  valence electrons which have com paratively  small m om enta. Conversely in 
real space th e  dom inant contribution to  B(r) comes from  the free, spatia lly  extended 
valence electrons with the localised core electrons only co n trib u tin g  to  the overlap  integral 
a t  small spatial displacements. T his reflects the sen s itiv ity  of diffraction s tudies to core 
electron s ta tes  and m omentum density studies to  valence electron states.
Figure 2.1 illustrates the family of functions in te rre la te d  by Fourier transfo rm ation  
and autocorrelation from which the p osition /m om entum  space sym m etry  is readily 
apparent. It should be noted, however, th a t  although a  knowledge of the real and  position 
space w avefunctions enable charge and m om entum  d en sitie s  to  be determ ined , the con­
verse is not tru e  since all th e  inform ation about th e  phase of the w avefunction is lost 
when the product «1« (r )  *|»(r) [or x (p ) x(p )1 ‘a form ed. Consequently i t  is n o t possible to 
determ ine charge densities from m omentum densities a n d  vice versa which preserves the 
independence of X-ray diffraction and C om pton spectroscopy.
2 .4 . F re e  A to m s
The form ulation of th e  C om pton profile in th e  preceding section was based on the 
assum ption th a t  the electrons in a given sca tte rer m ay  be regarded as independent, in 
which case th e  m omentum distribu tion  can readily be ob ta ined  from the m om entum  space 
transform s of the individual electron wavefunctions.
As an illustration of the m om entum  d is tr ib u tio n  obtained from  a  basis set of 
independent w avefunctions, figure 2.2 shows the free a to m  C om pton profile o f chromium 
(ls*2s*2p®3»*3p*4sl3dl ) calculated numerically in the non-relativ istic  H artree-Fock  approxi­
mation (see Biggs, Mendelsohn and  M ann, 1975). T h e  contribu tion  to  th e  to ta l  profile of 
each individual shell normalised to  the appropriate  num ber of electrons is clearly shown 
and is a  d irec t consequence of th e  separation of p ( r )  in to  single electron w avefunctions. 
More generally it  can be seen from this figure th a t  th e  free atom  profile consists of two 
distinct contributions - th e  core electrons possess a  flat, extended profile whereas the 
valence electrons contribute a  sharper, more local, fe a tu re  to  the to ta l profile. O n transi-
F ig u r e  2 .1  T he family of functions in position and m om entum  sp ace  in terrelated  by the 
D irac-Fourier transform ation . From the one-electron w avefunctions i t  is possible to  
derive th e  above properties by autocorrelation (AC) and sq u arin g  the modulus (II* ) 
as ind icated . Since these operations are irreversible, however, i t  is no t possible to  
re la te  charge density m easurem ents to  those obtained from C o m p to n  sca tte ring  stu-
dies.
F ig u r e  2 .2  T he free atom  C om pton  profile of chrom ium  (l**2s*2p®3sa3p#4s13d5) calculated 
num erically w ithin th e  non-relativ istic H artree-Fock approxim ation (see Biggs et a l, 
1975). T he valence electron contribu tion  to  the to ta l profile is localised around th e  
origin whereas th e  core e lectrons possess a flatter more extended C om pton profile.
tion of the atom  to  a solid or molecule it m ay be expected th a t  the core contribu tion  will 
rem ain largely unaffected whitest the valence electron profile will be significantly changed 
since these electrons determ ine the nature o f th e  chemical bond (see Holt. 1978).
In practice th e  independent electron model is not generally valid since th e  effects of 
electron correlation and  exchange and C oulom b screening significantly perturb  the 
wavefunction in all b u t  the most sim plest o f distribu tions (i.e. the inert gases). Compton 
profile m easurem ents of helium (see Eisenberger and P la tim a n , 1970) and neon (see Eisen- 
berger, Henneker an d  Cade, 1972) using MoKa/(l X -radiation (17.6 keV) and of N ,, Ar and 
K r w ith ***Te -y-rays (see Eisenberger and Reed, 1972) are in good agreem ent with the 
one-electron H artree-Fock wavefunctions o f C lem enti (1965). This indicates th a t  correla­
tion effects in noble gas profiles are too sm all to  be detected within the experim ental error 
of existing m easurem ents. Consequently th e  free atom  H artree-Fock profiles are con­
sidered to  provide an  adequate description of m onatom ic and simple diatom ic gas momen­
tu m  densities and are used to  represent core electron distributions in m etals where the 
effects of electron correlation are sm all. For electron distribu tions where these effects are 
significant, however, such as conduction electrons in metals, the independent particle 
model is only a  first approxim ation to  the m om entum  density and has to be appropriately 
modified.
2 .5 . S olids
2 .5 .1 . S im p le  M e ta ls
The sim plest picture of a m etal assum es th a t  the valence electrons form a  non­
interacting, homogeneous gas which occupy a  se t o f s ta tes  in m omentum space confined to 
th e  Fermi sphere. T he m omentum d is tribu tion  of the tigh tly  bound core electrons is 
unaffected by th e  form ation of the solid and  is well represented by a  H artree-Fock free ion 
in which case th e  com posite m om entum  density  is given by a  superposition of valence and 
core electron d istribu tions. In this regime there is a continuum  of s tates above the Fermi 
energy, ef, and consequently the electron gas is highly polarisable and susceptible to  the
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effects of correlation although in the first instance these will be ignored.
A t absolute zero all s ta tes  w ithin th e  Fermi sphere of th e  free electron gas are occu­
pied, in which case n(p) is constan t below the Fermi m om entum , pf, and is zero elsewhere 
as illustra ted  by the dashed line in figure 2.3 (a). From eq. 2.8  th e  C om pton profile is then 
given by ;
space, pf = (3ir, p)1/* and  p is th e  charge density . For p, s  pf (i.e. n(0) =  1), therefore, the 
C om pton  profile reduces to  a  distinc tive inverted parabola ;
T his lineshape is illu s tra ted  in figure 2.3 (b) and is m ost representative of system s 
characterised by a  low conduction electron density such as th e  light alkali m etals Li, Be 
and  N a and th e  ligh t m etals A1 and Mg (see Phillips an d  Weiss, 1968 and Cooper, 
P attison , W illiams an d  Pandey, 1974).
A m ajor fea tu re  of the free electron model is the d iscontinuity  in the C om pton 
profile a t  the Ferm i m om entum  which is apparent from th e  comparison between th e  free 
electron profile o f alum inium  and  th e  corresponding H artree-Fock band structu re calcula­
tion  of Causa, Dovesi, P isani and R oetti (1981) shown in figure 2.4. It can be seen from 
th is figure, however, th a t  th e  free electron parabola overestim ates th e  contribution to  the 
profile below pr which is consistent w ith  m easurem ents m ade on the alkali m etals and 
therefore indicates th a t  correlation and band s tructure effects have to  be considered for a
ir n(0) (p* -  p,*) if p , s  Pf
J(P .) - 0
(2.19)
where n(0) * , the num ber of conduction electrons per un it volume m om entum
more realistic form ulation.
F ig u r e  2 .3  T he effect o f electron-electron correlation on (a) th e  momentum density  and 
(b) the C om pton  profile in a  homogeneous electron gas. T he deviation from  th e  free 
electron limit (dashed curve.) is determ ined by the W igner radius of th e  d is tribu tion .
I
r which is re la ted  to  the inverse of the electron density,
• P
F ig u r e  2 .4  C om parison of the free electron Compton profile (+  free ion core) of
a lum in ium ------  w ith  the H artree-Fock band calculation o f C ausa e t  al, 1981
T he discontinuity  a t  the Fermi m om entum , pr, is characteristic  of the free electron 
model and becom es less obvious when the effects of electron  correlation are in tro­
duced.
2 .5 .2 . E le c tro n -E le c tro n  C o r re la t io n  E ffects
Since Coulomb in teractions between electrons decrease the to ta l energy of the elec­
tron ic system, th e  effect o f correlation is, via the virial theorem , to  prom ote electrons 
from  low lying s ta tes  in the m om entum  distribu tion  to  s ta tes  above the Ferm i surface as 
illu stra ted  by th e  solid curves in figure 2.3 (see Daniel and Vosko, I960). T his observation 
is consistent w ith th a t  m ade by considering th e  reciprocal relationship between *b(r) and 
x (p )  - the Coulom b in teraction  effectively reduces the spatial ex ten t of each electron 
w hich results in a more localised wavefunction hence occupation of higher m om entum  
sta tes .
The degree of correlation present in a given d istribu tion  is uniquely determ ined by 
th e  charge density, p, which is assum ed constan t in th e  homogeneous electron gas model. 
As a  consequence of screening, th e  ex ten t to which th e  electrons are correlated is directly
proportional to  the effective volum e per electron, , and is measured in term s of the
P
W igner radius, r„  which characterises a  given d istribu tion  according to  the following 
equation  ;
l/S
T h u s  for spatially  sym m etric electron d is tribu tions r, reflects the ex ten t to  which the 
m om entum  density  deviates from  the free electron lim it although this sh ift is difficult to  
m easure due to  lim itations in experim ental resolution (see chapter 3).
2 .5 .3 .  B a n d  S t r u c tu r e  E ffe c ts
In real m etals th e  valence electrons are regarded as nearly free since they  are 
confined only by th e  periodic poten tial o f th e  la ttice  to  lie w ithin the boundaries o f the 
so lid  (see Seit*, 1935). B and theories, therefore, represent the valence electron w avefunc­
tio n , <|<k (r), as a series expansion of Bloch functions, Uk (r). This preserves their plane 
w ave description b u t in troduces high frequency F ourier coefficients, aa (k ) , to  <|>k (r )  as a
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consequence of th e  periodicity  of the lattice (see Bloch, 1928). i.e.
* k ( f ) - t ' h ( e ) . x p ( lk . r )  (2.22)
where
Uk ( r ) «  S  . 0 ( k ) « p ( i G N.r) (2.23)
o
T he effect o f band  s tru c tu re  on the m om entum  d istribu tion  can be apprecia ted  by 
considering th e  Fourier transfo rm ation  of the Bloch-type orb ita ls, i.e.
Xk (p ) =  /  U k ( r )  exp ( ik .r) exp ( - i p . r )  d r  (2.24)
-  2 > o ( * 0 » ( P  - k  - G )  (2.25)
o
Consequently th e  con tribu tion  to  the m om entum  space w avefunction from an  electron in 
s ta te  k  in a  p a rtic u la r occupied band is given by the sum over all reciprocal la ttice  vectors 
of the Fourier coefficients, aG (k), which effectively raise electrons to  s ta te s  of higher 
m om entum  p  =  k  +  G . T he band m om entum  density, therefore, is ob tained  by squar­
ing eq. 2.25 and  sum m ing over all occupied s ta te s  in the ban d , v. i.e.
»'"“‘(p) — 2  » .(k ) 2  l * o ( k ) l ’  »(p - k  - O )  (2.2«)
k O
where n„(k) is th e  occupancy of the kth s ta te  in th e  vth band. Since I aa ( k ) | * m ay be in ter­
preted as th e  p robab ility  of an electron in s ta te  k  con tribu ting  to  the density  a t  p  =  k  +  
G  for a  p articu la r ban d , then the to tal m om entum  d is tribu tion  is subsequently  given by a 
sum over all occupied bands. In this regime, therefore, th e  electron d is tribu tion  m ay be 
represented by an a r ra y  of spheres in k  space each centred a t  a particu la r reciprocal la t­
tice point, G  N, ra th e r  th an  a  single sphere as is the case for free electrons. T his is illus­
tra te d  by figure 2.5 w hich shows the free electron spheres repeated  throughou t a  2 dim en­
sional reciprocal la ttic e , each weighted according to  the p robability  of finding an electron 
in a high order m om entum  sta te , l a ^ k ) ! ’ . T he C om pton  profile is th en  obtained  by 
in tegra ting  over th e  p lane intersecting these regions which subsequently exhib its a  series
F ig u r e  2 .5  T he S e itï model for N early Free E lectrons in a  square lattice. T he effect o f 
band s tru c tu re  is to  prom ote electrons from  a  s ta te  k to a  s ta te  k  +  G  and conse­
quently  sh if t m om entum  density  from low to  higher p,. The weight of each contribu­
tion  is given by the square of the Fourier coefficients, aa (k ), which dim inish rapidly 
w ith increasing momentum.
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of maxima and m inim a m oving o u t from the origin due to lattice effects as shown in the 
bottom  half o f the figure.
In sum mary. Bloch w av e representation of the wavefunction as an alternative to  
plane waves introduces high order com ponents to  the m omentum density  which broaden 
J (p .) in a sim ilar way to  th e  effects of electron-electron correlation. F urtherm ore, since 
calculation of the C om pton profile involves in tegra ting  over a specific s e t o f spheres in the 
plane perpendicular to p , .  th e n  in general there is a difference betw een pairs of directional 
profiles. It is particularly  in fo rm ative , therefore, to  in terpret m etallic C om pton  profiles in 
term s of th is anisotropy i.e. ;
i  J ( p . -  J „ , ( p .  ) -  J , , ( p . ) (2.27)
where hkl denote the plane perpendicular to  th e  scattering vector.
The absolute effect o f b an d  structu re on th e  Compton profile has been calculated by 
Cooper, M. J ., W illiams, B orland  and Cooper. J . A., (1970) for the case of lithium  and 
generally sh ifts between 10%  and 15% of the valence electrons to  m om entum  states above 
the Fermi surface.
The agreem ent be tw een  the electron gas model and experim ent may be further 
improved by orthogonalisation  of the conduction electron w avefunction  to th a t o f th e  
core. This is illustra ted  by  figure 2.6 which shows (a) the orthogonalised  3s wavefunction 
of sodium com pared w ith a  simple plane wave representation and (b) th e  effect of o rtho­
gonalisation on th e  C o m p to n  profile. It can be seen th a t  the O PW  calcu lation  is in much 
better agreem ent with ex p e rim en t than  an in teracting  electron gas model which is indi­
cated by th e  dashed curve in  (b) (see Eisenberger, Lam, P la tzm an an d  Schm idt, 1972 and 
Pandey and Lam, 1973).
2 .6 . B -fu n c tio n s  o f  S im p le  M e ta ls
T o in terp re t the m om entum  density in real space th e  B -function representation of 
eq. 2.16 has to  be m odified to  include a  sum  over the k  s ta tes  in  each occupied band
(a)
0 0-4 0-6 08  pz (a.u)
(b)
F ig u r e  2 .8  (a) T he w avefunction for an e le c tro n  in the 3s band  of m etallic sodium  
com pared w ith a simple plane wave re p rese n ta tio n  - - - - and  (b) the effect o f o r th o ­
gonalisation of the plane wave to  th e  core on  the C om pton profile of sodium . C om ­
pared to  e x p e r im e n t ........... (see E isenberger e t al, 1972) th e  O PW  ca lcu lation
(see Pandey and Lam, 1973) is a sign ifican t im provem ent on th e  in teracting  electron 
gas model - - - - w ith a lattice p e rtu rb a tio n  potential.
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in troduced  by the application of Bloch’s theorem i.e. ;
B (r) =  J  n»(k ) /  <l<k (r + e ')  «l*h ( r ')  d r  ' (2.28)
E xpanding  eq. 2.28 in term s of one electron Bloch functions and  evaluating B(r) for any 
re a l lattice transition vector, r  =  RL, this expression reduces to  a  Brillouin zone integral 
(see Schiilke. 1977,78) ;
w h e re  VBZ is the Brillouin zone boundary. This equation is equivalent to  the Lock-Crisp- 
W e st theorem (see Lock, Crisp and W est, 1973) which expresses B(RL) as th e  Fourier 
tran sfo rm  of the k-space occupation num ber, n(k). For in su la tors, where all th e  bands are 
filled, therefore, n(k) is constan t and B(RL) is zero for all R L. Consequently the reciprocal 
fo rm  factor of an insulator should cross the real space axis a t  all points equivalent to  la t­
t ic e  translations, r  =  RL.
For m etals, however, where th e  bands are only partia lly  filled, n(k) is no t in general 
c o n s tan t in which case the values of B (r) a t R L form a  F ourier series expansion o f n(k) 
a n d  simply define th e  Fermi surface. In positron annih ilation  s tudies th e  Ferm i surface of 
an  electron d is tribu tion  can be reconstructed quite accura tely  from the B-function (see 
W est, 1980) although in Compton sca ttering  studies th e  re trievable inform ation is some­
w h a t more limited. This is due to  the poorer m om entum  resolution of th e  m easured 
C om pton  profile which transform s to  a  rapidly decaying, m ultip licative function in real 
sp ace  and severely restric ts the num ber of B(RL) th a t  can be resolved from the noise level, 
particu larly  a t  high r.
To illustrate the inform ation contained w ithin th e  reciprocal form factor, figure 2.7 
show s a  comparison between the experim ental and theo re tica l B -functions along (a) the c 
ax is  of the insu la tor selenium (see K ram er, Krusius, Schroder and  Schiilke, 1977) and (b) 
th e  < 1 1 0 >  direction of nickel (see Rollason, Schneider, L aundy, Holt and Cooper, 1987).
(2.29)
_J_________ I___________ I
B 5 7
F ig u re  2.7 E x p e r im e n ta l------  and th e o re tic a l------- (see K rusius, 1977) B -functions along
(a) the c axis o f  t h e  insulator selenium (see K ram er e t  al. 1977) and (b) th e  < 1 1 0 >  
direction of n icke l (see Rollason e t  al. 1987). The arrow s indicate th e  respective la t­
tice constan ts o f  selenium and nickel which correspond to  (a) th e  position ot the 
Bloch zeros a n d  (b ) the three dimensional Fourier transform  of th e  Ferm i surface 
which is non-zero  due to  the partia lly  filled conduction band in the m etal.
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In (a) the theoretical B-function is ca lcu lated  from a basis set of O P W ’s (see Krusius, 
1977) and is equal to  zero a t B(RL), as ind icated  by the arrow, which is in good agreem ent 
w ith experim ent and is characteristic o f an  insulator. In (b), however, the value of B(RL) 
is non-zero for both theoretical (see W ang and Callaway, 1975) and experim ental recipro­
cal form factors which indicates the presence of partially filled bands - i.e. characteristic 
of a  m etal. It should be noted th a t  th e  zeros a t  other values of r  in (a) less than  those 
indicated represent inform ation abou t th e  particu lar form of th e  Bloch wavefunctions.
In addition to  inform ation about th e  Ferm i surface, the behaviour of the B-function 
between lattice displacem ents provides a n  indication of the type of bonding between vari­
ous elements in the atom ic chain. For exam ple , a large negative area between the lattice 
zeros generally implies an in tera tom ic reg ion  of anti-bonding whereas a large positive area 
implies a region dom inated by bonding atom ic orbitals (see Pattison and W eyrich, 1979, 
for a  study  of LiH).
2 .7 . B a n d  T h e o r ie s
T he startin g  point for modern day  band  theories is to  assume the one-electron model 
w ith  the supposition th a t  all o ther c ry s ta l effects neglected by this approxim ation can be 
represented by a non-zero effective p o ten tia l energy, V(r). Consequently V(r) is very much 
“ tailored  to  fit” for a given electron d is tr ib u tio n  and may vary for different electron ener­
gies.
In th is regime the one-electron Schrodinger equation can be solved for individual 
wavefunctions which are then used to  describe the effects of overlap in energy between 
electron s ta tes  from different atom s. B an d  theories differ from  one another essentially only 
in th e  way the effects of electron-e lectron  correlation and exchange (i.e. the spin interac­
tion) are represented, if a t  all.
T he Seitz model presented in th e  la s t  section was one of the earliest band theories to 
be applied w ith any success to  sim ple m etals and curren tly  many different m ethods are 
available (see Blakemore. 1974). T h is m odel, however, takes no account of exchange and
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correlation effects which were first introduced by S la te r who suitably modified the 
Hartree-Fock equations by including an exchange term . i.e. ;
[ - - V * -  -  »  V , *  V , ) » ,  -  (2.30)
where <t>, is the determ inantal wavefunction. Vt  is the C oulom b field due to th e  electronic 
charge d istribution and V„ is the exchange potential w hich  describes the in teraction  of 
electrons of like spin (see section 6.1.1.1).
T o account for electron-electron correlation, which is no t contained in eqns. 2.30, it 
is necessary to  consider an interacting electron gas whose local charge density is equal to 
the ac tual charge density  a t  a given r, i.e. th e  local density  approxim ation (LDA) - see 
chapter 6. In this case the effective electron exchange and  correlation can be represented 
by replacing VM by V,„ where
V, -  V„„ (2.31)
or equivalently in term s of the Wigner radius ;
(2.32)
T he exchange coefficient, a , varies between band ca lcu lations but generally lies in the 
range 2/3 s  a  s  1.
S la ter’s form ulation of the exchange and correlation te rm  was the first application of 
density functional theory  to  the solution of th e  many electron  problem (see Schluter and 
Sham , 1982). Indeed perhaps one of the m ost successful m odern day band theories is tha t 
based on the LDA which calculates electronic properties by solving the single particle 
Kohn-Sham  equations (see Kohn and Sham , 1965). I t  h as  been shown by Lam and P la ti- 
man (1974), however, th a t  calculation o f th e  C om pton profile by this method requires the 
addition of a  correction term  to  J (p .)  in order to  fully include the effects of exchange and
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correlation. T he formal derivation of this correction term is deferred un til ch ap ter 8 where 
it  is shown to  take the following form ;
i O ’ l *  / < * ( '» [  C iiW  -  •'wrtiW |  *’ • |!U 3 >
unit call
where J ^ r)|(q) is the C om pton profile of the homogeneous in teracting  gas w ith  the (local) 
electronic charge density p(r), normalised to  one electron and is th e  sam e quantity
for the homogeneous free electron gas. T he m agnitude of this correction, which has been 
neglected in all recent density functional calculations, is small bu t sign ificant compared 
w ith experimental error and its full ex ten t on available transition  m etal calculations is 
presented in chapter 8. T his is done in th e  hope of resolving the difference between experi­
m ent and theory which has been a considerable cause of concern over th e  past decade in 
C om pton spectroscopy.
C H A P T E R  3
D A T A  R E D U C T IO N  A N D  A N A L Y S IS
3 .1 . In t r o d u c t io n
Over th e  p ast decade a significant improvem ent in both  the s ta tis tic a l quality  and  
reliability of C om pton  d a ta  has been observed. Accordingly measured d a ta  require careful 
processing if  the m aximum am ount of inform ation is to  be ex tracted  from experim ental 
m om entum  density  studies. In general, before measured d a ta  can be in terpreted , a  series 
of energy dependent corrections have to  be applied. Individually the effect of these correc­
tions on th e  final lineshape is quantitatively  small [typically — 1%  J(0)]. T heir app lica­
tion, however, facilita tes resolution of small differences between directional C om pton  
profiles (e.g. — 0.2%  J(0) for alum inium  and — 1.0% J(0) for chromium - see ch ap ters  4 
and 5 respectively) and hence provides a  basis for identifying th e  lim itations of ava ilab le 
band calculations. W ithout accurate reduction on this scale C om pton d a ta  provide little  
more th an  a  qualita tive  description of electron m om entum  and the usefulness of th e  tech ­
nique is dim inished.
3 .2 . O u t l in e  o f  P ro c e s s in g
T he ex trac tio n  of the Compton profile from experim ental d a ta  is based on th e  R ib- 
berfors cross-section (see Ribberfors, 1975a) given by eq. 1.26 which relates J ( p .)  to  th e  
double differential sca ttering  cross-section and can be w ritten  in term s of the sc a tte re d  
photon energy, in, i.e.
D H - C W J I p . )  (3.1)
where D(<u) is th e  double differential cross-section and C(<*>) is the R ibberfors cross-section.
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The explicit dependence of m om entum  on u> is given by eq. 1.21. T he first step  in the 
d a ta  reduction is to  relate th e  m easured spectrum , M(u>), to  D(u>). This requires the remo­
val of energy dependent effects such as detector efficiency, background and spectrom eter 
response, which are determ ined largely by characteristics of th e  source, and for beam 
absorption, geom etrical broadening and m ultiple sca tte ring  which depend on th e  incident 
photon energy and sam ple characteristics. These corrections to  th e  measured spectrum  are 
either additive, m ultiplicative or convolutive and should be performed sequentially in the 
reverse order to which they occur experim entally  (i.e. detector corrections are  performed 
first and source corrections are perform ed afterwards). T his s trategy  ensures th a t  the dis­
trib u tio n  of intensity  is reproduced a t  all stages of th e  experim ent (from detector to  
source) and th a t  errors introduced by asequential deconvolution are reduced. T he follow­
ing equation  describes m easured C om pton  d a ta  qualitatively  in term s of these corrections 
which are  defined in figure 3.1 ;
where * represents a  convolution.
T h e  C om pton profile is then  effectively extracted from  the measured d a ta  by a  rear­
rangem ent of th is equation ;
where N is a norm alisation co n stan t characterised by the sample. T his simple, bu t 
approxim ate, deconvolution scheme is interpreted as a  series of operations perform ed in 
the o rd er illustra ted  schem atically in figure 3.1.
T he transform ation  from energy to  momentum space is performed before th e  correc­
tion for m ultiple sca tte ring  is applied an d  the final profile is necessarily norm alised to  the 
num ber of electrons per atom . C onsequently the m ultip le sca ttering  correction is of the 
following form ;
M M  -  R M  • q M  C M  * S M  • A M  D M  * b m (3.2)
J (p .)  =  N C * V )  A_ ,(u) S“ V )  • G - I (w) * •n ‘(a )  [ R‘ ‘M  ’ ( M M  -  B (a ) | J (3.3)
(3.4)
1. B ac k g r o u n d  s u b t r a c t i o n
2. D e c o n v o lu t io n  of 
r e s o l u t i o n  f u n c t i o n
3 .D e t e c t o r  e f f i c i e n c y  
c o r r e c t i o n
4. Deconvolution of 
geometrical 
broadening function
5 D e c o n v o l u t i o n  of 
s o u r c e  b r o a d e n i n g  
f u n c t i o n
6. Absorption 
correction
7. R i b b e r f o r s  c r o s s -  
s e c t i o n  c o r r e c t i o n
8 .  M u l t i p le  s c a t t e r i n g  
c o r r e c t i o n
;u re  3.1  Flow chart of th e  d a ta  reduction procedure.
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where a  is th e  norm alisation c o n stan t required to  include a percentage of m ultiple sc a tte r­
ing in the m easured single profile (i.e. to preserve the area  of the C om pton profile). Since 
th e  distribution of m ultiply sca tte red  photons to a first approxim ation is independent of 
sample orientation, a  is determ ined  effectively by th e  target geom etry. When only the 
profile anisotropies between sam ples of identical dimensions are required the m ultiple 
scattering correction takes the form  of a simple rescaling by the constan t a  in w hich case 
an accurate determ ination of J ( p ,) muU is not essential. When a com parison between 
experim ent and theory is to  be m ade, however, the m ultiple profile has to  be ca lculated by 
a  Monte C arlo  sim ulation and is  typically a broad, asym m etrical lineshape. In general the 
correction for m ultiple sca tte rin g  accounts for — 5 %  to 25% of th e  C om pton profile 
depending on the sample density  and geometry.
Table 3.1 describes the source of each correction made in the d a ta  reduction  pro­
cedure. Fortunately  the pre lim inary  system m easurem ents (detector efficiency and resolu­
tion and source broadening) are  properties of th e  spectrom eter and  only need to  be 
repeated periodically to assess th e  effects of degradation  of the germ anium  d etec to r cry­
stal. In practice, however, it  is n o t always possible to  measure these properties due to  the 
difficulty in sim ulating the ex a c t spectrom eter conditions in an independent experim ent. 
In this case calculations are m ade in support of experim ental d a ta . Subsidiary calcula­
tions such as geometrical broadening, multiple sca tte ring  and norm alisation are deter­
mined by th e  sam ple and have to  be performed for each measurement. Spectrum  calibra­
tion, exposure tim ings and background calibration are derived directly from experim ent.
The com putational ease w ith  which C om pton d a ta  may be reduced depends on the 
order in which the energy dependent corrections are applied. T he errors associated with 
asequential processing, however, m ust be insignificant compared w ith the level of experi­
mental accuracy obtainable (cu rren tly  ~  0.5%  and  ~  1% J(0) for the gold and am ericium  
systems respectively). As m easurem ents become more accurate, therefore, the reduction  of 
da ta  for a given system has to  be reviewed and i t  is to  this end th a t  th e  processing order 
described in figure 3.1 has been adopted for d a ta  obtained  from the high energy system .
PRELIMINARY
SYSTEM
MEASUREMENTS
SU BJECT RESU LT
(1) Te source spectrum
(2) Ba source spectrum
(1) D etector resolution fn., R(o>)
(2) Detector efficiency fn., ti(o>)
SUBSIDIARY
CALCULATIONS
(1) A pparatus collim ation
(2) Sam ple density
(3) y-ray source geom etry 
(1) Free a tom  profile
(5) Sam ple geometry
(1) G eometrical broadening, G(o>)
(2) Absorption. A(u>)
(3) Source broadening fn., S(w)
(4) N orm alisation, N
(5) Multiple profile, Jmul,(p1)
EXPERIMENTAL
DATA
MEASUREMENTS
(1) Sam ple spectrum
(2) Background spectrum
(3) Exposure timings
(1) D ata, M M
(2) Noise, B(o>)
(3) Signal : Noise correction ra tio
T a b le  3.1 C lassification of the reduction procedures and the sources of corrections for
C om pton d a t a  measured on the gold spectrom eter.
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On the o ther hand, a simpler bu t more approxim ate reduction suffices for m easurements 
on the *4 ,Am spectrom eter.
T he following sections describe the effect o f th e  energy dependen t corrections on 
m easurem ents made on th e  60 keV 141 Am and 412 keV '**Au spectrom eter system s 
employed in the present studies which are described in chapter 4.
3 .3 . S y s te m  C a lib ra tio n s
3 .3 .1 . D e te c to r  Effic iency  F u n c t io n
For a  finite thickness of germ anium  there is a finite probability  th a t  a  photon en te r­
ing the detector will pass s tra ig h t through the crystal w ithout losing any of its energy. 
This probability , which sharply increases with increasing photon energy, is 1 -  e ***, 
where p. is th e  energy dependent linear a ttenuation  coefficient and t  is  th e  thickness of the 
detector crysta l. It defines -r|(o>), th e  efficiency of the detector, by ;
N um ber of photons absorbed
n<«>-----------------------------------------------------  (»•»)
N um ber of photons entering  detector
T he detecto r efficiency a t  a  given energy is determ ined experim entally  by com parison 
of observed -y-ray intensities w ith  th e  known relative intensities o f th e  emission lines (see 
Lederer, H ollander and Perlm an, 1967). In practice th is is not s tra ig h t forward due to  the 
lack of su itab le -y-ray sources w ith  sufficient decay lines in the region of the C om pton 
peak ( ~  140 - 180 keV for the high energy system ). As a result of th is  scarcity of po in ts a  
model dependent fitting to  the lim ited experim ental d a ta  is essential. F igure 3.2 shows a 
com parison between n(w) m easured using the isotope l3 ,Ba which conta ins seven prom ­
inent decay lines below 400 keV (Tim m s, 1986, P rivate com m unication) and a M onte 
C arlo sim ula tion  of the detecto r efficiency (Laundy, 1986, private com m unication). It can 
be seen from  this figure th a t  th e  sim ulation is in excellent agreem ent with experim ent 
which v indicates the use of th e  calculation to  correct Compton d a ta  obtained on the 412 
keV spectrom eter. This is preferable to  using an analytic fit to  th e  measured efficiency
F i g u r e  3 .2  Detector efficiency predicted by a  M onte Carlo simulation (solid line) com­
pared with experim ental results based upon th e  emission lines of ,3®Ba (O  O  O ) . The 
position of the superim posed Compton peak corresponds approxim ately to  th a t 
ob ta ined  from the high energy system.
since only one decay line occurs in the region of the C om pton peak and subsequent in ter­
polation introduces e rro rs  which may be significant due to  the relatively large varia tion  of 
q(w) between ~  100 an d  200 keV (see figure 3.2).
M easurem ents m ade on the M,Am system  do no t need correcting for detector 
efficiency since they occur a t energies below 70 keV up to  which point th e  detecto r is 
100% efficient to  w ith in  a  sm all fraction of a  percent.
3 .3 .2 .  D e t e c t o r  R e s p o n s e  F u n c t io n
T he response of th e  detector to  a  unique incident photon energy depends on th e  pro­
perties of the detecto r crysta l (band gap, perfection, size, etc.) and m ust therefore be 
measured in an independen t experiment. Ideally this would be done using a  point source 
to elim inate line b roadening  due to  inelastic scattering  within the source capsule (i.e. 
source broadening) an d  w ith  the same geometrical collim ation as employed in th e  actual 
experim ent. In p ractice, however, appropriate  y-ray sources have to  be of finite size in 
order for the detector to  record sufficient intensity  (gold sources typically have a  cross- 
sectional area of — 15 mma) and consequently there is a degree of source broadening 
inherent in all response function  m easurements.
In essence the effect o f source broadening is to  generate a  polychrom atic source, i.e. 
an array  of delta  fu n c tio n s  each of which produces a  secondary C om pton profile displaced 
from the incident p h o to n  energy according to  eq. 1.7 when sca ttered  through  an  angle 0. 
The spread in inc iden t photon energy due to  sca ttering  w ithin th e  source, therefore, 
results in an asym m etrical smearing of the measured C om pton profile by an am ount 
determ ined by the degree of overlap between the secondary C om pton profiles. Because the 
energy transfer associa ted  with the high energy system  is relatively large com pared with 
th a t o f th e  low energy  system  (253 keV c.f. 11 keV respectively), subsequent m easure­
m ents are subject to  a  lower contam ination by source broadening effects since a larger 
proportion of the secondary  profiles occur outside th e  region of the C om pton  peak. The 
effects of source broadening , therefore, are generally more serious for low energy measure-
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m ents although they can be m inim ised by chosing a  th in  source of small surface area.
The response of the detector to  a  delta function in p u t is a  characteristic, effectively 
Gaussian, photopeak a t  the in c id en t photon energy, «■>,, w ith a  low energy tail caused by 
the escape of photons and electrons from active areas of the crystal. The w idth of the 
peak is determ ined essentially by th e  efficiency of charge collection by the detector crystal 
and is given by ;
■JEfwMM -  ( «  -  5 5MFA»., )'• (3.8)
Here a  represents electronic noise a n d  is constant, F is th e  Fano factor ( ~  0.1 for good Ge 
detectors) and A is the energy gap o f  th e  detector crysta l (0.74 eV for germanium and  1.16 
eV for silicon).
The com bination of source broadening  and d etec to r crystal effects makes th e  resolu­
tion of th e  spectrom eter one of t h e  m ost problem atical corrections to  deal w ith satisfac­
torily. T he extent of the tw o co n trib u tio n s  to the low energy tail, however, may be inves­
tigated  by adjusting the source a n d  detector collim ation and by recording spec tra from 
sources of varying strength, geo m e try  and encapsulation. A prim ary objective of th e  d a ta  
processing is to  remove the effect o f  the composite response function tail from th e  meas­
ured d a ta  and to  ultim ately produce symmetrical C om pton  profiles.
3 .3 .2 .1 .  T h e  6 0  k e V  S p e c t r o m e t e r  R e s p o n s e  F u n c t i o n
In order to  accurately d e te rm in e  the resolution function for the M lAm system  it is 
desirable to  expose the detector to  a  "v-ray source w ith  an  appropriate  decay line a t  the 
C om pton peak (48.36 keV for 171° scattering). Due to  th e  unavailability  of such a  source, 
however, it  is in common practice  to  determine th e  d etec to r resolution function for this 
system  a t  the incident photon en e rg y  (59.54 keV) ; th is  over-estim ates the FW HM  of the 
response by roughly 11%, an  a m o u n t which is es tim ated  to  correspond to  the effect of 
beam divergence (i.e. sca tte ring  through angles » i  where 80 is defined by the 
appara tus collimation). If the am ericium  source were com posed entirely  of the pure m etal 
th e  mean free path  for inelastic sca tte rin g  would be very  sho rt ( — 0.17 mm) and  such a
source would generate a high spectral con tam ina tion . Since the source consists of Am O, 
in a ceramic m atrix, however, its exact com position is not known and m athem atical sim u­
lation of source broadening is very difficult. C u rre n tly  no account o f th is is taken in the 
subsequent da ta  processing of spectra measured o n  th is system. T he following investiga­
tion of the low energy tail of the detector response function measured a t  60 keV was made 
to  establish w hether or not the approxim ate reso lu tion  function used in the processing of 
d a ta  from the low energy system is adequate or requires modification.
Experimentally the area of the resolution func tion  tail measured a t  the lower photon 
energy increases from ~  1%  of the peak area fo r pin-hole collim ation of the detector (~  
1mm diameter) to  ~  i0 %  when the full su rface  area  of the crystal is irrad iated  ( ~  80 
mm*). In view of th is sensitivity, therefore, i t  is desirable to m easure the resolution func­
tion with similar collimation geometry to  th a t  u sed  in the actual experim ent. T ra d itio n ­
ally this function has been measured by placing an  uncollimated source a few centim etres 
in front of the detector. This method, however, overestim ates the ta il contribution to  the 
response due to  both  source broadening and d e te c to r  crystal effects and  introduces inaccu­
racies to the d a ta  processing.
Figure 3.3 shows the low energy tail m easu red  with pin hole collim ation o f th e  60 
keV response function produced by (A) a 100 m C i 24,Am line source in a  stainless steel 
container with a  250 p.m steel wall, (B) a  th in  ~  0 .3  p.Ci mm 2 foil source of active depth 
— I |j.m embedded below a 2 p.m A u/Pd alloy sh ee t and (C) the 100 mCi source w ith  an 
erbium  filter placed in front of the detector p inhole. The intensity  scale on this figure is 
expressed as a ra tio  to  the height of the ph o to p eak  which is located a t 59.54 keV. The 
thickness of the source used to  produce tail (B) is much less than  th e  mean free p a th  of 60 
keV radiation in the active source material and  therefore little sca tte ring  occurs w ith in  it. 
This is reflected by the low intensity of the ta i l  com pared with m easurem ent (A) in which 
the source thickness was much greater th a n  th e  mean free p a th  and therefore more 
representative of the actual spectrom eter sou rce . T he presence o f the erbium  K absorp­
tion edge a t  57.5 keV in tail (C) establishes t h a t  th e  low energy ta il is due alm ost entirely
F ig u r e  3 .3  The effect of source encapsulation on th e  low energy tail for 60 keV radiation. 
T he above spectra are recorded from (A) a  100 m Ci M,Am line source, (B) a thin ~  
0.3 p.Ci mm * , u Am foil source and (C) the sou rce used in m easurem ent (A) w ith an 
erbium  filter between source and detector. T h e  poin ts x correspond to  the tail o f 
curve (A) afte r applying a correction for a b so rp tio n  in the Er filter. All measure­
m ents were made with a pinhole collim ator (d iam e te r 1 mm) in fron t o f the detector 
and  the vertical scale is the intensity  no rm alised  by the 59.54 keV elastic peak 
height.
to  sca tte ring  within the source. If the tail were a detector response effect then th e  filter 
would have merely attenua ted  the intensity distribution uniform ly. The difference 
between ta il (C) and the points denoted by x , which are ca lcu lated  from the erbium  
absorption coefficients a t  the appropriate energy, describes th e  contribution to  th e  tail 
from the detector and varies from ~  16% a t  58 keV to  ~  8 %  a t  50 keV. Consequently 
when processing data  measured on the low energy system th e  effect of the ta il on the 
profile sym m etry  must be carefully assessed.
Figure 3.4(a) shows the portion of the tail a ttribu ted  to  sca tte rin g  within th e  source 
(tail A) obtained  by subtracting the symmetric p a rt of the e la s tic  line, reflected a b o u t its 
peak, from  curve (A) in figure 3.3. It should be noted th a t th is  ta il, which has an  a rea  of 
~  3.8%  com pared with the photopeak area, is independent o f  d e tec to r effects, such as the 
germ anium  escape peaks, which have been removed.
In th e  Compton scattering process each incident energy  in the polychrom atic tail 
sca tters th rough an angle defined by the spectrom eter (171° in  th is  case) according to  eq.
1.7, assum ing the scattering electron to  be stationary  and th e  effects of beam divergence 
small. As a  result the displaced tail consists of a  superposition o f Compton profiles and is 
d is tribu ted  over a narrower energy region as illustrated by  tail B figure 3.4(a). The 
transform ed intensity a t  each energy point, dE, has been ca lcu la ted  by the Klein-N ishina 
sca tte ring  cross-section (eq. 1.23). T o  compare th e  asym m etry introduced in the C om pton 
profile by th is tail it  is necessary to  measure the profile of a  th in  foil sample in order to 
minim ise sam ple effects such as absorption and m ultiple sca tte rin g . Figure 3.4 (b) shows 
such a  m easurem ent for graphite  (see M anninen. Cooper a n d  Cardw ell, 1986). T o  allow 
for th e  finite m omentum of the scattering  electrons tail B in  figure 3.4(a), transform ed to 
m om entum  space via eq. 1.21, has to  be convoluted with th e  free atom  C om pton  profile 
and its  a rea  normalised to  the experim ental profile produced  by 59.54 keV -y-rays. The 
resu ltan t asym m etry, curve A, is compared w ith  experim ent in figure 3.4 (b). Since the 
presence o f the tail offsets the Compton peak centre a fu r th e r  correction to  th e  asym­
m etry is necessary before the applicability of this p re d ic tio n  can be assessed. This
(a)
F ig u re  3 .4  (a) T he original low energy tail o f the 100 mCi MIAm line source af te r the 
subtrac tion  of th e  prim ary gamma line (A) and B the d is tr ib u tio n  of the ta il a f te r 
Compton scattering  through an angle of 170° and tran sfo rm ed  according to  the 
Klein-N ishina cross-section (eq. 1.23). (b) shows the profile asy m m etry  (A) obtained 
by using the ta il A in (a) convoluted with the free atom  C o m p to n  profile of carbon 
and B th a t  induced by the peak position forced by the c o n trib u tio n  from source 
scattering. Curve C is the sum of A and  B and is in close ag reem en t with the experi­
m ental asym m etry of graphite (O O O) (see Manninen e t al, 1986).
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correction is given by curve B which when added to  curve A produces agreem ent to  within 
1 /4%  J(0) between experim ent and theory, i.e. curve C, for graphite. The re s id u a l asym­
m etry is likely to  be due to  characteristics of the spectrom eter source such as co llim ation . 
im purities, encapsulation, etc. which are difficult to  assess since it  is not possib le to  posi­
tion  the detector a t  th e  sam ple position.
In sum mary, isolation of the contribution to  the low energy response fu n c tio n  tail 
from source sca ttering  enables a  significant im provem ent to  be made to  th e  sy m m e try  of 
profiles measured on the *4,Am spectrom eter system provided the resolution fu n c tio n  is 
measured using th e  sam e geom etry, collimation and counting rate as used in  th e  actual 
experiment.
3 .3 .2 .2 .  T h e  4 1 2  k e V  S p e c t r o m e t e r  R e s p o n s e  F u n c t io n
Due to  the availability  of a I,3Te calibration source, which has a principal decay  line 
a t  159.00 keV, th e  high energy system  was designed so th a t  the Compton p ea k  coincided 
w ith this energy which facilitates m easurem ent of the detector resolution fu n c tio n  a t the 
m ost intense p a r t o f the scattered spectra.
The need for an accurate detector response function for this system h as  been illus­
tra te d  by Rollason (1984) who constructed a set of artificial functions a n d  found the 
asym m etry of processed profiles to  be extremely sensitive to  the photopeak : ta i l  height 
ra tio . This sensitivity is indicated in figure 3.5(a) which shows the asym m etry o f  th e  [100] 
C om pton profile of chromium  m easured on the high energy spectrom eter (b e fo re  correc­
tion  for multiple sca ttering) processed with the four different response fu n c tio n s  shown in 
figure 3.5(b). These functions, normalised to  500.000 counts in the elastic p e a k  channel, 
were obtained from  three experim ental m easurements and two ca lcu lations o f source 
broadening using a M onte C arlo sim ulation (the simple 5 mm x 3 mm x 2 m m  geometry 
of the ,#*Au source facilitates such a simulation). The name of the respective  response 
function is indicative of its com position. R R F l was measured by recording th e  intensity 
em itted  by a  10 p.Ci l**Te grid source over a  period of a week and co n ta in s  very little
134 140 150 160
F ig u re  3.5 (a) T he asym m etry  o f th e  [110) C om pton  profile o f chrom ium  processed w ith  
each  o f the response func tions in p a rt (b) o f th is  figure before correction for m u ltip le  
s ca tte r in g . T he dashed curve is th e  a sym m etry  a fte r application  of the m u ltip le  
sca tte r in g  correction ob ta in ed  from  RRF1S2 and  coincides w ith  the p, axis w ith in  
experim en ta l e rro r, (b) th e  , , , Au sp ec trom eter response function  measured w ith  a  
g rid  source. R R F l. a pow der source encapsu la ted  in a  glass file w ith a 1.5 cm d iam e­
te r  d e tec to r co llim ator. R R F2. and the sam e source w ith no collim ation. RRF3. con ­
vo lu ted  w ith th e  results o f a  M onte C arlo  sim ulation  of source broadening. SI o r S2. 
T h e  resu ltan t photopeak  in tensities  are  norm alised to  500.000.
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source broadening. RRF2 was measured by placing a 1.5 cm diam eter collim ator betw een 
a powder 10 p.Ci ,i3Te source encapsulated in a  glass file and the detector in o rd e r to  
reproduce experimental conditions and intensity was recorded over a period of a  few days. 
RRF3 was measured with th e  same source and exposure time as for RRF2 bu t w ith  no 
source-detector collimation. T he following tab le characterises each m easurem ent in te rm s 
of photopeak intensity and peak : tail ratio.
Response Function Peak : Tail Peak
RRFl 297 500,000
RRF2 96 25,000
RRF3 209 15,000
T a b le  3 .2  Peak : tail ratio  of the response functions R R F l, RRF2 and RRF3 illu s tra ted  
in figure 3.5(b).
It is readily apparent from this d a ta  th a t  there is a high degree of source broaden ing  
present in m easurements made with the powder source due to  scattering w ithin th e  iso­
tope m ateria l and encapsulation. Compton scattering from the collim ator in m easure­
m ent R RF2 effectively lowers the peak : tail ratio  as a consequence of the small d is ta n ce s  
involved between source and detector required to  record reasonable in tensities. T h is 
response, therefore, is not an accurate representation of the actual detector re so lu tion  
function.
O f th e  tw o source broadening simulations, which were performed by Rollason (1985. 
p rivate com m unication), S2 contains the higher s tatistics by an order of m agnitude and  
was ca lculated for the collim ation geometry of the l# ,Au spectrom eter. S i, how ever, is a
characteristic only of the source geometry and merely provides a first approxim ation  to  
the source broadening function. The composite response functions shown in figure 3 .5(b) 
were obtained by convoluting the measured detector resolution function w ith  th e  
appropriate  source broadening function although each correction is performed indepen­
dently in the actual d a ta  processing. This figure shows th a t the response functions m eas­
ured with the powder source (RRF2S2 and RRF3S2) overestimate the intensity  of th e  low 
energy tail as an ticipated  and are therefore inadequate for d a ta  reduction purposes. It is 
also apparent from figure 3.5(a) th a t  the profile asym m etry of m easurements m ade on  th e  
l9*Au spectrom eter is sensitive to  the effects of source broadening - the d a ta  processed 
w ith  the more representative sim ulation is ~  1.3% J(0) less asym m etric a t  10 a .u . th a n  
th a t  processed w ith S i. The dashed curve in this figure denotes the profile asy m m etry  
af te r the correction for m ultiple scattering has been applied to  d a ta  processed using R R F1 
and S2 and coincides with the p , axis a t all points — 0.5%  J(0). Since this level o f accu ­
racy is of th e  order of experim ental error, then highly sym metric C om pton profiles can 
now be obtained from the high energy system which enables comparison between experi­
m ent and theory for both high and low m om entum  side of the processed line shape. T h is  
is a  significant im provem ent on o ther recent m easurements of alum inium  (see C ardw ell 
and Cooper, 1986), iron (see Rollason, Holt and Cooper, 1983a) and vanadium  (see R olla- 
son, Holt and C ooper, 1983b) which used the composite response function, R R F lS l, in  th e  
d a ta  processing.
3 .3 .2 .3 .  V a r i a t i o n  o f  D e t e c t o r  R e s o lu t io n  w i th  E n e r g y .
T he discussion so far regarding the response of the detector to  a given spec tral in p u t 
has been confined to  th a t e ither measured, in the case of the l**Au spectrom eter, or 
estim ated , in th e  case of the low energy spectrom eter, a t  the energy coincident w ith  th e  
centre of the C om pton peak (i.e. a t  159 keV and 48.36 keV respectively). It is a p p a re n t 
from eq. 3.6, however, th a t the FWHM of the detector response function varies ap p ro x i­
m ately as the square root of th e  incident photon energy and consequently th e  d is tr ib u tio n
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of photons recorded by the detector will vary over the energy range of the C om pton peak 
(-10.0 a.u. to  10.0 a.u . corresponds to  a variation of ~  13 keV for the americium system  
and of ~  32 keV for the gold system). Since determ ination of the detector response as  a 
function of energy is no t possible in the absence of a  tunable monochromatic source such 
as synchrotron rad ia tion , particularly  for the high energy system, then the assum ption  of 
a  constan t resolution FW HM  for processing Compton d a ta  requires justification.
In view of th e  errors associated w ith deconvolution (see Williams. 1977), c u rre n t 
d a ta  reduction procedures yield a Compton profile convoluted with a Gaussian of FW H M  
equivalent to  th a t  o f th e  spectrom eter response function (i.e. 0.4 a.u. for the l9*.\u system  
and  0.57 for the *4,Am system). The sim plest method of assessing the effect of deconvolut- 
ing a  variable w idth response function, therefore, is to consider the asym m etry in troduced  
when a  sym m etrical profile is convoluted w ith a  variable width G aussian and th e  resu lt 
com pared with profiles deduced from the d a ta  processing.
T he transposition  of an energy space response, A u,, to  a momentum space response, 
Ap, is obtained from  eq. 1.21 by ;
In addition th e  contribu tion  of geom etrical broadening to the detector response func­
tion , which arises as a  consequence of the finite size of th e  source, detector crystal and  col­
lim ation  has to  be considered. This effect essentially describes the sm earing o f  th e  
recorded in tensity  by the superposition of many individual profiles each based on  a 
different sca tte ring  angle. Assuming both  resolution and beam divergence effects to  be 
G aussian, therefore, th e  to ta l energy space response can be w ritten as a sum  o f  the 
squares of each con tribu tion  i.e. ;
■Wo. = W . »  + ■»* (3 -8 )
w here A«ud#l is th e  resolution function FW HM  and -y is a  sim ilar param eter characterising  
th e  effect of geom etrical broadening. S ubstitu ting  in eq. 3.7 gives ;
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Ap
|iu>,
(3.9)
(3.10)
where |i =  5.546FA from  eq. 3.6. The values of a ,  |3, y , A«i>d#l and A«ulol obtained by Rol- 
lason (1984) for both experim ental systems are given in table 3.3.
Spectrom eter
(k.V*)
P
(keV)
•y
(keV)
Awd#t
(keV)
A w tot
(keV)
‘“ A . 0.1646 0.00120 0.230 0.5960 0.6388
141 Am 0.0836 0.00109 0.067 0.3692 0.3855
T a b l e  3.3  Detector resolution variation param eters. Au>d#l is evaluated a t  the C om pton
peak position for each experimental system respectively.
By differentiating eq. 1.21, therefore, the momentum space resolution can be d e te r­
mined a t  all points in th e  Compton profile as illustrated by figure 3.6. It should be no ted , 
however, th a t since th e  spectrom eter response function for the low energy system is d e te r­
mined a t  the incident photon energy, the value of Aojdtl a t 60 keV is taken to represent 
the combined effect o f resolution and geometrical broadening measured a t 48.36 keV (i.e. 
y  is set to  zero in ca lcu lating  the variation of Ap with momentum). From figure 3.8 it  can  
be seen th a t  the w id th  of the detector response varies linearly with momentum across th e  
C om pton profile for bo th  spectrom eter systems (i.e. from 0.61 to  0.53 a.u. and from 0 .41 
to  0.39 a.u . between -10.0 and 10.0 a.u. for the 141 Am and 188Au spectrom eter system s, 
respectively). C onsequently Ap may be w ritten as ;
0 6 8
P z  (Q-u.)
F i g u r e  3.8  V ariation in  detector response (a) in energy space and (b) in m omentum space 
across the C om p to n  profile for both spectrom eter systems. The dashed lines 
correspond to  a  co n stan t energy/m om entum  space resolution function FW H M  
respectively.
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Ap(q) = Ap0 + «q (3 .1 1 )
where c is the grad ien t of th e  appropriate Ap vs. p curve and has the value of -0.0041 for 
the am ericium  system  and -0.0015 for the gold system . Ap0 is the detector response a t  th e  
Compton peak position (0.4 an d  0.57 a.u. respectively).
3 .3 .2 .4 .  F o r m u l a t i o n  o f  t h e  V a r i a b l e  W i d t h  R e s p o n s e  F u n c t i o n .
The effect o f th e  variab le  w idth response function may be assessed by considering 
the convolution of a  C om pton  profile with a G aussian of FWHM, <r(q'), i.e. ;
which corresponds to  a sm earing  of the profile a t  each m omentum point by a c o n s ta n t 
am ount w ith no net increase in  peak area. S ubstitu ting  eq. 3.11 in to  this expression gives ;
It is necessary, therefore, to  express eq. 3.13 in th e  following form ;
whence the effect o f the v a ria tio n  in detector response can be described by a  co rrec tion  
term , ft, added to  th e  sym m etric  convolution of the Compton profile w ith a c o n s ta n t 
width Gaussian.
J(q ) dq- (3 .1 2 )
J(q') dq' ♦  8 (3 .1 4 )
From  figure 3.6 it  is clear th a t  «qmax <  <  Ap0 in which case term s — «* can  be 
neglected in this fo rm ula tion . R earrangem ent of eq. 3.13 gives ;
1
J ( q ') d q ' (3 .1 5 )
(Ap0 -  eq ') Apo +  2eq'Apo
Since -1 <  —€~— ---- — —  <  l  for all points -10.00 a.u . s p, s  10.00 a .u . then
Ap„ *■ 2«q Apo
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the second exponential on the right hand side in the above equation can be expanded as a  
Taylor series. To first order in «. eq. 3.15 becomes ;
F t 1 - . | —  J(q’) d , ' (3 .17)\ 2AP;  ) 1 APo ) Ap0
-  l |  —  J (q )  dq’ (3.18)
1 ApJ ) Ap0
where G(q - q ') is a Gaussian. Since th is expression is in the form of eq. 3.14, the correc­
tion term , R, may be represented by a convolution of two functions, each of w hich 
depends on Ap0, i.e. ;
* -  —  1 - 1  -  l |  - (3 .1«)
i p .  t *  > lip .*  i
Figure 3.7 shows the variation of (a) the product G(q) — 1 I and (b) the p ro -
U p . ' i
duct qJ(q) with m om entum  for a theoretical (110) Compton profile of chromium  (see 
R ath, W ang, Tawil and Callaway, 1973) for the high energy system. Curves (a) and  (b ) 
are sym metrical and anti-sym m etrical functions of q respectively and both have zero n e t  
area which m ust necessarily be the case in order to  preserve the profile area when th e  
correction is made.
T he convolution of the functions illustra ted  by figures 3.7(a) and 3.7(b) w e ighted
with the appropriate coefficient, ----- 1 1 , are shown in figure 3.7 for (c) the ’’"Au sy s-
Ap0 Iw  >
tern and (d) the MIAm system . It can be seen from th is figure th a t  the correction is a n  
anti-sym m etric function and effectively shifts electron density from negative to  p o sitiv e  
m omentum, thus reducing the sym m etry of the resu ltan t profile. Although this effect is  a n
Q2 JI q) 5 Or
F i g u r e  3 .7  The functions (a) G(q) ------- 1  and (b) qJ(q) for a theoretical (110] C om p-
l-ip.* i
ton profile of chromium  (see R ath e t al, 1973) for the high energy spec trom eter sys­
tem . W hen convoluted these functions describe the effect of a  variable w id th  
response function on th e  Compton profile illustrated by (c) for the l#*Au a n d  (d) 
241 Am spectrom eter system s.
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order of m agnitude higher for th e  low energy spectrom eter ( ~  0.2 %J{0) c.f. ~  0.02 
% J(0) for the high energy system ), it is apparent th a t  neither correction is sig n if ican t 
within experim ental error ( ~  0.5 % J(0) ) and hence may be neglected in the d a ta  p rocess­
ing w ithin the current levels of experim ental accuracy. This null result is im p o r ta n t  in 
th a t it  elim inates the variation of the resolution function FWHM across the C o m p to n  
profile as a  significant cause of profile asym m etry for bo th  spectrom eter system s.
3.4 . R e c e n t D e v e lo p m e n ts  in  t h e  D a ta  P ro ce ss in g
T he m ost significant change to  the d a ta  processing made during th is p e rio d  of 
research was the re-ordering of th e  corrections for detector efficiency and deconvo lu tion  of 
the response function tail from observed spectra, necessitated by the higher d eg ree  of 
accuracy to  which Compton experim ents can currently be performed. A d d itio n ally  the 
efficiency correction previously applied to  th e  response function before deconvolu tion  was 
removed. T hus the overall stra tegy  was changed from ;
M M  -  /  J M  [ R ' V  -  «.') V ‘(»  -  »■> ) <M (3.20)
where th e  efficiency correction is first applied to  the resolution function and then  a g a in  to  
the d a ta  af te r deconvolution to  ;
M M  -  /  [ JM ) V V )  ) R"‘(» -  « ')* • ' (3.21)
where the efficiency correction is applied only to  the d a ta  afte r deconvolution. In th is  form 
the d a ta  processing is sequentially correct and yields profiles of high inherent sy m m e try .
T he effect of th is change is illustra ted  by figure 3.8 which shows th e  difference 
between the observed [100] directional C om pton profile of chromium processed in  the 
order ou tlined  in section 3.2 and th a t  described by eq. 3.20 for both spectrom eter sy stem s. 
For the low energy system  it can be seen th a t  the re-ordering has no significant effec t on 
the processed profile since the detector is ~  \QO% efficient over th e  region of th e  C o m p to n  
peak. For th e  high energy system , however, the re-ordering shifts electron d e n s ity  from 
the low to  the high m om entum  side o f the profile and reduces the a sy m m e try  by
F i g u r e  3 .8  T he difference between the [110] Compton profile of chromium processed w ith  
the efficiency correction applied after and before deconvolution respectively for bo th
spectrom eter system s.
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approxim ately 0.3 % J{0) which results in a final lineshape symmetrical to  w ith in  ~  0.5 
% J(0) a t  all values o r p ,, as illustra ted  by the dashed curve in figure 3.5(a). T h is  observa­
tion suggests tha t th e  relatively poor profile sym metry observed in previous m easurem ents 
can be a ttribu ted  to  th e  assumption of the wrong processing order.
C H A PTE R  4
A L U M IN IU M
4 .1 .  I n t r o d u c t i o n
T he objectives of this study are twofold. T he first is to  deduce ac cu ra te  directional 
C om pton profiles of alum inium  since ap a rt from of a measurement m ade w ith an X-ray 
source, which was severely limited by statistics (see Cooper, Pattison, W illiam s and Pan- 
dey, 1974), previous experim ents were concerned only with polycrystalline samples. T he 
second objective is to  compare both directional difference and to tal profiles m easured a t 
the tw o incident energies 412 keV' and 60 keV in common use for C om pton  sca tte ring  s tu ­
dies. This is done in th e  hope of establishing consistency between the tw o se ts  of an iso tro ­
pies and also to  indicate the ex ten t to  which the individual profiles m easured w ith  th e  
lower energy system  can be in terpreted . Furtherm ore, since alum inium  is accepted as  a 
good free electron m etal, this study will provide a stringent te s t o f the lfl*Au spectrom eter 
d a ta  processing if  it  is to  resolve the sm all differences anticipated between th e  direc tional 
C om pton profiles.
4 .2 .  P r e v i o u s  R e s e a r c h
T he m ost recent m easurem ents of the C om pton profile of alum inium  were published 
more than  one decade ago (see Cooper, P attison  and Schneider, 1976, and M anninen. 
Paakkari and K a jan tie , 1974). These earlier m easurem ents were made on  spectrom eters 
utilizing 100 Ci ,9*A u (E ^  =  411 .90  keV, half-life =  2.7 days) and 300 m C i M1Am ( E y =  
59 .5 4  keV, half-life =  458 years) gam m a ray sources and were quoted to  an accuracy of 
0 .5  %J{0) a t th e  C om pton peak. Good agreem ent between the abso lu te profiles was 
observed a t  q = 0  although a difference of 4%  was apparent a t  2 .0  a.u. T h is  was possibly
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due to  different profile norm alisation over the range quoted by the differen t experim ental 
groups. The interim period has seen the implem entation of advances made in th e  d a ta  
processing as described in chapters 1 and 3; in particular the developm ent of a b e tte r  
understanding of the Compton cross-section (see Ribberfors. 1975 a, b ) and the m ultip le 
sca ttering  contribution to  the measured profile (see Tanner and E pstein , 1976 and P it-  
kanen, Laundy, Holt and Cooper, 1986). In addition stronger high energy sources now 
make it possible to produce profiles of greater statistical accuracy and reliability.
Since the tight binding calculation of Tawil (1975) was published, which p redic ts a 
difference of 1.5 %J(0) between the directional profiles of aluminium a t  the origin, o th e r 
calculations have appeared. An all electron Hartree-Fock calculation (see Causa, Dovesi, 
Pisani and Roetti, 1981) and an APW  calculation (see Kubo, W akoh and Y am ashita , 
1976) predict profile anisotropies of 1%  and 0.3 % J(0) respectively. A calculation based on 
the local density approxim ation (Sacchetti, 1984, private com m unication) pred ic ts no 
significant anisotropy. M easurement of the directional profiles, therefore , has been m ade 
to  resolve the disagreem ent between these theories and to identify th e  most appropriate  
model of the electron m omentum distribution of aluminium. Furtherm ore , com parison 
between theoretical and experimental absolute Compton profiles m easured on the more 
reliable gold isotope spectrom eter should pinpoint the lim itations o f  each band ca lcu la­
tion.
M easurem ent of the single crystal 2-D m omentum density of alum inium  by th e  posi­
tron  annihilation technique (see W est, 1980) has been perform ed by M ader, Berko, 
K rakauer and Bansil, 1976. The results of this experiment showed th e  cross-section o f th e  
Ferm i surface measured in the [001],[100] plane to  be almost c ircu lar and were in good 
agreem ent with the results of an O PW  calculation performed by th e  sam e authors. T h is 
indicates th a t  aluminium is a  good free-electron m etal and provides a n  independent exper­
im ental basis for assessing the results of the present study.
4 .3 .  E x p e r i m e n t a l  S y s te m s
T he 60 keV and 412 keV Compton spectrom eters used in th is  work are described by 
Holt. 1978. and Rollason. 1984. and are schematically illustrated in figure 4.1 (a) and  (b) 
respectively. T he experimental details are very similar to  those reported by R ollason. 
Holt and Cooper (1983b) in a study of vanadium  (412 keV) and Cooper, Rollason and  
Tuxw orth (1982) in a  study of compositional variations in alloys (60 keV) and hence only 
a brief outline will be presented here.
T he l®*Au isotope em itting the 411.80 keV radiation is in sta lled  in a  spectrom eter a t  
the Rutherford-Appleton Laboratory. This source is initially ac tiv a ted  to  120 curies and  
produces usable intensity for abou t four half-lives (— 10 days) before it  has to  be 
replaced. The scattering  angle of the instrum ent is fixed a t  167°. which implies a  C o m p ­
ton peak energy of 158.93 keV, and was chosen so th a t th e  d e te c to r resolution func tion  
could be measured a t  the peak position with a weak ,asTe source (E^ = 159.00 keV). T he 
cross-section of the beam a t  the sam ple position is about 250 mma and  the detector - sam ­
ple distance is 46.2 cm.
T he 5 Ci 841 Am spectrom eter is located a t the University o f W arwick and h as  a 
scattering angle of 170.5°, i.e. a  Compton peak energy of 48.36 keV . T he cross-section of 
the beam is roughly 530 mm* a t  the sample position, although th e  detector only sees an 
area  of 250 mma due to  the collim ation, and is positioned 19.5 cm  from  the sample.
Both experim ental system s detect the scattered photons w ith  solid s ta te  in trin sic  
germanium  detectors and the scattered spectra are recorded on 4096 m ultichannel a n a­
lysers. They also incorporate high scattering angles in order to  maximise th e  energy  
transfer between photon and electron (eq. 1.7) although the ideal configuration o f 180° 
back sca ttering  geometry is not achievable due to  shielding requirem ents and th e  finite 
size of the source and detector.
Drifts in amplifier gain and ADC conversion arising principally  from environm enta l 
tem perature variation are minimised by air conditioning for b o th  spectrom eter system s.
6 0  KEV GAMMA RAY CO M PTON SP E C TR O M E TE R
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F ig u r e  4.1 Schematic representation of (a) the 241 Am spectrom eter (60 keV) located a t 
th e  University of W arwick and (b) the ,# ,Au spectrom eter (412 keV) located a t the 
Rutherford-A ppleton Laboratory.
The degree of electronic drift before and after sample exposure fo r the *4lAm isotope 
experim ent is assessed by continual monitoring of the width of th e  e lastic  line (E , = 59.54  
keV). In th e  case of the l , , Au study  the am ount of drift is ind icated  by the positions and 
widths of i7Co decay lines occurring a t energies several keV below th e  Compton peak (Evt 
=  121.94 keV, E>a =  136.31 keV) produced by a ~  10 »xCi (T,, =  290 days) source taped 
to the d etec to r head. In neither case was the long term line w id th  afte r each measure­
ment significantly greater than its value when measured on a  sh o rt exposure.
Since commercially available sources are limited to relatively low strengths the annu­
lar geom etry  of the low energy source is necessary in order to  o b ta in  a high scattered 
intensity . T his construction, however, hinders the m easurem ent o f absolute directional 
profiles since the scattering vector is not uniquely defined but lies along  the generator of a 
cone of sem i-angle ~  5.1° with the sample a t the apex. Subsequent measurements made 
on th is system , therefore, are averaged over all crystal directions on the surface of the 
cone and th e  true directional profiles cannot be obtained. A dditionally , as indicated in 
chapter 3 (see also Holt, DuBard, Cooper, Paakkari and M anninen, 1979), the low energy 
spec trom eter is more susceptible to  energy dependent approxim ations made in the data  
processing than  the l**Au system. These absolute profiles, therefore , are less reliable than  
those acquired with the gold isotope spectrometer.
T h e  ,#*Au isotope offers better resolution (0.40 a.u. com pared  to  0.57 a.u . of 
m om entum  a t  the Compton peak) than MlAm although the accu racy  of measurements is 
more lim ited  by statistical uncertainty in the raw data  (the sh o rt half-life of the source 
typically  prevents more than 107 counts to  be recorded under th e  Compton line). Con­
versely th e  long half-life of the americium isotope allows long exposure times only limited 
by in strum en ta l electronic d rift and typically up to 10* counts u nder the Compton line 
can be reasonably obtained. T he accuracy of measurements m ade using the , u Am spec­
trom eter, however, is limited by system atic errors associated w ith  th e  low energy transfer, 
which jeopardise the impulse approxim ation (see section 1.5), a n d  uncertainties in the 
spec trom eter response function which determ ine the m om entum  resolution (see section
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3.3.2.1). In particular it has proved difficult to recover the in h e re n t sym metry of the 
Compton line !j( + p ,  ')■  J ( - p ,  ')| for m easurements made on th is sy stem  which lim its the 
extent to  which individual profiles can be interpreted. F o rtu n a te ly  the directional 
difference profiles are insensitive to  these system atic errors which facilitates com parison 
with the theoretical anisotropies convoluted w ith the appropriate reso lu tion  FWHM. T he 
d a ta  acquired with the 412 keV source usually show adequate profile sym m etry to 
encourage th e  interpretation of individual profiles as illustrated by  recent m easurem ents 
of iron (see Rollason, Holt and Cooper, 1983a), copper (see B auer and  Schneider, 1983b) 
and nickel (see Rollason, Schneider, Laundy, Holt and Cooper. 1987).
4 .4 .  E x p e r i m e n t a l  D e ta i l s
Alum inium  discs 450 mm* area by 2 mm thick were cut fro m  cylindrical single cry­
stal bars of different orientations ( [ U l |,  [110] and [100]). These sam p les  were significantly 
larger th an  the beam size a t the sample position for both spectrom eters. A lthough th is 
made them  easy to position in the beam path  and m axim ised the count ra te , it  
significantly increased the m ultiple scattering contribution to  th e  spectrum , particu larly  
from the penum bra region (see W illiams, 1977).
Individual spectra were accum ulated over a period of 70 - 2 00  hours depending on 
source ac tiv ity  for the gold system and for 100 - 300 hours fo r th e  americium system  
where th e  em itted  flux is effectively constant. The resultant reco rded  intensity under the 
C om pton peak for the high energy system was about 25 x 10* w h ich  was significantly less 
than  th e  corresponding intensity  for the americium system w h e re  the to tal num ber of 
counts under the peak was approxim ately 6 x 10*. T he gold sy s te m  m easurements, how­
ever, had characteristically the b etter signal to  noise ra tio  of 800 : l  compared w ith  36 : 1 
for th e  841 Am system a t  the Compton peak (i.e. 0.5%  and 3% respectively).
In to ta l three separate gold sources were used for this investiga tion  over a  period of 
tw o m onths and the [111] and [100] orientations were measured tw ice  to  check reproduci­
bility.
T he spectral distributions of multiple photon scattering w ere obtained from  Monte 
Carlo sim ulations developed from the work of Felsteiner, P a tt is o n  and Cooper (1974). 
The resu ltan t multiple profiles each contained approxim ately 2000 photons from an input 
of 10®, m ultiply and singly •‘sca tte red” over all angles. F igure 4.2(a) shows th e  m ultiple 
profile o f alum inium  for the high energy system . T he dashed  curve represents a  cubic 
spline fit to  the M onte C arlo o u tp u t (solid line) and is used to  correct C om pton d a ta  in 
order to  avoid introducing random statistical fluctuations to  th e  single profile. T h e  form 
of this profile corresponds to a value of a of 1.082 (i.e. ~  8%  o f the to tal sca ttering) and 
is very sim ilar to  th a t  observed for the low energy system ( n o t  shown) for which a  was 
calculated to  be 1.091 ( ~  9%  of the to tal distribution). T h is  difference is expected since 
the mean free path of 412 keV rad ia tion  in alum inium  is g re a te r  th an  th a t of 60 keV (i.e. 
4.12 cm compared with 1.54 cm) and hence the probability o f  m ultiple sca ttering  is lower 
in the form er. Figure 4.2(b) shows the variation in the profile peak  height [J(0)| measured 
on the low energy system for 1, 2, 5 and 10 mm thick alum in ium  (111] samples. Extrapo­
lation o f th is  curve to  zero thickness yields a value of 3.78 — 0 .0 2  electrons per a .u . which 
is in good agreem ent w ith  the peak height afte r application o f  th e  Monte C arlo correction 
(3.80 = 0.02). Although th is indicates the validity  of the s im u la tio n  result it does no t pro­
vide evidence for the reliability of the low energy m easurem ents since the d a ta  p lo tted  in 
this figure is subject to  the same system atic errors present in  the directional measure­
ments. C rystals of different thicknesses were not measured o n  th e  high energy system  in 
view of th e  limited usable intensity  em itted by each gold source.
T he effect of the m ultiple sca ttering  correction is to  increase the peak height of the 
C om pton profile by 6.8%  and 6.3%  for the 841 Am and ***Au system s respectively and to 
lower th e  tails, where th is effect dom inates, to  the free a to m  value. This is illu stra ted  by 
figure 4.3 which shows the difference between the experim en tal and free atom  profiles as a 
function of m omentum for all th ree orientations and b o th  spectrom eter system s. T he 
difference in resolution between the two experim ental system s is apparent from  th e  in ter­
section of each curve w ith  the ord inate axis ( ~  1.0 for the h ig h er energy and ~  0.7 for the
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F ig u r e  4 .3  Experiment - free atom  difference profiles fo r th e  three principle directional 
C om pton profiles of alum inium  measured on both sp ec tro m eter system s. G ood agree­
ment is necessarily observed between experim ent a n d  free atom  a t  high values of
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am ericium  system).
T he variation of detector efficiency with energy for th e  ,#*Au system  was corrected 
for by  the Monte C arlo sim ulation of the scattering and abso rp tio n  processes in th e  ger­
m anium  detector crystal described in section 3.3.1. No correc tion  for efficiency is neces­
sa ry  for the low energy system  since the detector is v irtually  100%  efficient over the 
C o m p to n  peak region (see figure 3.2).
4 .5 . R e su lts  a n d  D iscussion
4 .5 .1 .  T h e  B an d  S tr u c tu r e  C a lc u la tio n s
T he experimental results have been compared with four ca lcu lations as ind icated  in 
sec tion  4.2. The APW  method used by K ubo e t  al (1976) to  ca lcu la te  C om pton profiles 
p rovides a  good description of the band s tru ctu re  and the density  of s ta tes  and accurately 
reproduces the Fermi surface. T he calculation of m omentum density  was carried o u t over 
273 reciprocal lattice vectors w ith a cubic mesh of 505 k-points in the irreducible volume 
equ ivalen t to 1/48 of the Brillouin zone. It does not, however, inc lude  term s describing the 
effects of electron exchange and correlation in the lattice p o ten tia l.
T he self-consistent field exact exchange H artree-Fock ca lcu lation  made by C ausa e t 
al (1981) uses a LCAO method to  obtain  the electronic w avefunction  with each atom ic 
o rb ita l  consisting of a  linear com bination of four G aussian basis  functions fittin g  each 
S la ter- ty p e  orbital. T he exclusion of electron-electron sh ield ing  effects by th is  method 
te n d s  to  overestimate th e  individual one electron potentials a lth o u g h  this is cancelled to 
som e exten t by the absence of a  correlation term  in the lattice p o ten tia l. As a  consequence 
o f th is  cancellation th is calculation is found to  reproduce accu ra te ly  the Ferm i surface.
T he calculation made by Tawil (1975) generates the electronic charge d is tribu tion  
from  a  set of Cartesian-G aussian prim itive wavefunctions o b ta in e d  from a  self-consistent 
m odified tight binding model. The value of the Fermi energy deduced from th is  model, 
how ever, produced a different connectivity w ith the Ferm i su rface a t  the W sym m etry
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points o f th e  Wigner-Seitz cell to  th a t  observed experimentally (see Cracknell and Wong, 
1973) and consequently was no t used to determ ine the directional profiles. Instead Tawil 
chose a  value of Er to  reproduce the required connectivity which increased the number of 
band electrons to  3.1. When a  com pensatory rescaling factor is in troduced  (i.e. 0.97), how­
ever, the consequential d istortion of the Compton lineshape near th e  Fermi surface is so 
significant th a t  the 111 directional profile cannot be used for m eaningful comparison with 
experim ent. Although the 110 and 100 directions for this calculation are  presented here it 
m ust be emphasised th a t their reliability is also suspect.
T he fou rth  theory currently  available is th a t  of Sacchetti (1984, private communica­
tion) which employs the charge density of Moruzzi, Williams and Ja n a k  (1978) to  calcu­
late the Compton profile within the slowly varying density approxim ation (i.e. a 
m odification of the local density  approxim ation) and includes a  correla tion  term  in the 
one-electron potential. There is no indication how well this theo ry  describes the Fermi 
surface.
T heories which ca lculate the momentum wavefunctions by F o u rie r transform ing the 
solutions to  the Kohn-Sham equations (i.e. those based on the local density  approxim ation 
such as th a t  of Sacchetti) do not yield the true  momentum density  because correlation 
effects are  no t properly trea ted  (see C hapter 6). They may be correc ted  by adding the 
L am -Platzm an term (eq. 2.33) to  the Compton profile as outlined in  section 2.7. T he input 
for «J|j(r )|(<0 in eq. 2.33, which represents the Compton profile of the homogeneous 
in terac ting  electron gas w ith th e  (local) charge density, p(r), is ca lcu lated  from an analytic 
expression for the 3D m omentum density, given in section 6.3.1.1. p(r) is taken from the 
ta b u la te d  density functional muffin-tin charge densities by M oruzzi e t  al (1978). This cal­
culation is relatively simple for the regions of constant charge density  occupied by the 
conduction electrons bu t becomes more complicated in the core reg ion . The effect o f the 
correction is to  sm ear out th e  Compton profile obtained from th e  Kohn-Sham “ pseudo- 
w avefunctions” i.e. it  prom otes electrons to  higher m om entum  sta tes  as described in 
chapter 6.
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Figure 4.4 shows the Lam -Platzm an correc tion  for alum inium  along with the 
in teracting  - free electron gas difference profile, J ‘nt from which the former
was derived. Both shift electron density from low to  high momentum. Comparison of the 
two lineshapes shown in this figure indicates th a t  although  both have a  sim ilar shape, the 
Lam -Platzm an correction has a significantly larger effect on the to tal profile. Its contribu­
tion to th e  to ta l energy of the system may be deduced from the second m oment of the 
profile th rough the application of the virial theorem  (see section 2.2). It apparently  
increases th e  electronic kinetic energy by approxim ate ly  30 eV per atom  (compared to  a 
cohesive energy of 7.28 eV for aluminium). W hilest th is  value is o f the correct order of 
m agnitude little  significance can be placed on it because the calculation is very prone to 
sm all errors in the Lam -Platzm an correction a t  high momentum. Indeed, a sh ift of only 
0.023 % J(0) in the baseline of Aj££*|(q) changes th e  kinetic  energy by 30 eV per atom .
4 .5 .2 . D iffere n ce  P ro files
Both sets of experim ental directional difference profiles are shown in figure 4.5, 
together w ith  the variation predicted by the A PW  calculation. It is immediately obvious 
th a t  bo th  experim ent and theory display a  very sm all anisotropy, the differences am oun t­
ing to  ~  ±  1 /4  %J(0) a t  low m om enta. T he am ericium  spectrom eter is much more suc­
cessful in measuring these effects because of the superio r statistical accuracy of its  d a ta  (<r 
~  s  1/10  % J(0) c.f. r  3 /10  % J(0) for the ,#*Au system ). System atic errors which may 
plague th e  individual profiles are isotropic and there fo re  of no consequence in the direc­
tional difference. On the o ther hand the an iso tropy  is comparable to  the standard  devia­
tion of the higher energy d a ta  where the oscillations are not so well established. The mag­
nitude of these oscillations implies a  relatively spherical Fermi surface such as th a t  illus­
tra te d  by figure 4.6, which is calculated for a free electron gas, and is characteristic of a 
good free electron m etal. It can be seen from th is figure, which assumes three electrons per 
prim ative cell, th a t  the free electron Ferm i sphere o f alum inium  extends to  the th ird  Bril­
louin zone although only p a r t o f this s tru c tu re  is show n (see M ackintosh, 1963). T he iso-
111-110 ( Jt1Am)
111-100 (198Ali )
Pz (a.u.)
F ig u r e  4 .5  Experimental anisotropies for d a ta  acquired on th e  am ericium  and gold spec­
trom eter system s. The solid line shows the corresponding A P W  theory difference 
profiles which have been convoluted with a Gaussian of 0 .57  a.u. and 0.40 a.u. 
FWHM for comparison with measurements made with th e  24,Am and ‘®*Au isotopes 
respectively. The full ord inate scales displayed are approx im ate ly  J(0) for the 
gold system d a ta  and ' / c  J(0) for the more sensitive am ericium  system data.
F ig u re  4 .8  Reduced zone represent a l ion of the free electron Ferm i sphere of 
with 3 valence electrons per prim itive cell. T he second Brillouin zone is 
with electrons. T he complex s tru c tu ré  of the th ird  zone is only shown in
alum in ium  
alm o s t full 
p a r t  (a fte r
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tropic natu re of the m omentum distribu tion  of a free electron gas is indicated by the 
sphericity of the contours in the second and third zones respectively.
The small scale of the experim ental anisotropy is in good agreem ent w ith the results 
of the 2-D ACAR experim ent of M ader et al (1976) and can be used to  differentiate 
between the available theories. Referring to  figure 4.7, the Tawil theory clearly overesti­
mates the m agnitude of the measured difference for th e  110 - 100 anisotropy by roughly a 
factor of four whereas the slowly varying density calculation of Sacchetti predicts no 
significant profile difference which is much closer to  the experim ental result. The self- 
consistent exact exchange Hartree-Fock calculation on average overestim ates the magni­
tude of the profile anisotropies by roughly a factor of tw o, although they are of the same 
frequency and occur in approxim ately in the sam e position as those detected experim en­
tally. From  figures 4.5 and 4.7 it  is apparent th a t  th e  m ost successful theory in predicting 
the observed profile anisotropies of alum inium  is th e  APW  calculation of Kubo e t al, 
hence the inclusion of th is calculation alongside experim ent in figure 4.5. N ot only is the 
scale of the anisotropy predicted correctly but, as th e  more precise low energy d a ta  shows, 
the oscillations in the d a ta  are followed closely by th e  APW  theory.
In an a ttem p t to  in terp re t the observed profile anisotropies a  calculation based on a 
simple W igner-Seitz model was perform ed (see section 2.5.3) in which free electron spheres 
were centred on the [111] and [200] reciprocal lattice sites each w eighted uniform ly w ith 
the high order m om entum  coefficients, I Ao (0) I * (i.e. 0.0097 and 0.0030 respectively) taken  
from M ader e t al (1976). T he directional profiles were then obtained  by in tegra ting  over 
successive planes in the direction perpendicular to  the appropriate lattice  vector. This 
essentially involved sum ming the squares of the chords defined by the intersection of the 
plane of in tegra tion  with the free electron spheres a t  0.01 a.u. intervals. T he m agnitude of 
the difference profiles predicted by th is method below the Fermi m om entum  is com parable 
to  experim ent. Above pr, however, th e  period w ith which they oscillate deviates from th a t  
observed due to  th e  neglection of the th ird  nearest neighbour coefficients. Consequently 
this calculation is too approxim ate to  describe th e  anisotropic behavior above the Ferm i
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F ig u re  4 .7  Theoretical profile anisotropies for the APW  (solid lines) and H artree-Fock 
(dashed lines) calculations. T h e  tig h t binding model (110) - (100] anisotropy is 
included in (c) (dotted line). T he local density based calculation does not predict any 
anisotropy, i.e. it  corresponds to  the horizontal m om entum  axis. All theories have 
been convoluted with a G aussian of 0.40 a.u. FVVHM.
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m omentum on this fine scale.
4 .5 .3 . C o m p a riso n  o f  M e a s u re m e n ts  a t  H igh a n d  Low  E n e rg ie s .
Since the momentum density  is a centro-sym m etric function, observation of the 
lineshape symmetry about p ,  - 0  is an  im portant tes t of the quality  of the processed data  
as discussed in C hapter 3. Figure 4.8 shows the profile asym m etry for the 100 profile 
deduced from both experiments. It can be seen th a t th e  profiles acquired from the low 
energy system have significantly poorer symmetry th an  those m easured with the gold 
spectrom eter ( profiles differ by more than  2%  o f the peak height a t  = l a.u . com pared to  
a difference of only 0.25 % J(0) for those measured on the higher energy spectrom eter ). It 
should be noted, however, th a t  th is  study  was perform ed before the d a ta  processing was 
re-ordered as described in section 3.2. Since re-processing is no t triv ial, th e  profiles 
presented in this chapter are of lower inherent sym m etry than  th a t  potentially  obtainable 
by application of th e  re-ordered d a ta  reduction as illustra ted  in th e  experim ental study  of 
chrom ium  described chapter 5.
As outlined in the preceding chap ter various factors contribute to  the poor inherent 
sym m etry of profiles measured w ith  th e  low energy system . F irstly  the resolution is not 
m easured a t the Compton peak. Secondly the energy variation of the resolution function 
is greater (from 0.81 au to  0.53 au  over the range -10 <  p, <  + 1 0  a.u . ; th e  com parable 
figures for the l , , Au system being 0.42 au to 0.39 au). In addition  the validity  of the 
impulse approxim ation for th is system  is questionable since the energy transfer 
corresponding to  intensity  recorded a t  the centre of th e  C om pton peak is only ~  10 keV 
greater than the K-shell binding energy (EB = 1.559 keV ) and consequently these elec­
trons do not contribute fully to  th e  profile a t high m om enta. F inally there is g reater 
beam absorption a t  the lower energy and a  higher background due to  a larger beam size. 
By considering the effects of sca tte ring  within the am ericium  source the sym m etry of 
profiles measured on the low energy system  may be significantly im proved as described in 
C hap ter 3. After taking this in to  account, however, a  residual asym m etry of — 1.5 % J(0)
% J (0)
2 0 |- 
1 0
Figure 4.8 Asymmetries in the [100] Compton protiles measured on both spectrometers 
and expressed as a percentage of the profile peak height. The solid and dashed 
curves represent the profile asymmetry after correction for multiple scattering for 
lMAu and *4,Am system data respectively. The ,MAu profile asymmetry before 
correction for multiple scattering is given by the dotted line. The shape and magni­
tude of the asymmetry is representative of all the directional profiles.
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a t  ~  1.3 a.u. and — 0.1 % J(0) a t ~  5.0 a.u . still remains which is difficult to  im prove 
upon w ithout an accurate knowledge of the spectrom eter response function (see section 
3.3.2.1). As discussed in section 4.3 the lower energy system predicts anisotropies w ith  a 
h igher statistical accuracy than  the gold system  and eventually it  is hoped th a t  these 
experim ents may be used to  determine absolute profiles if more sophisticated d a ta  reduc­
tion procedures can be devised. For the mom ent only the higher energy d a ta  are used for 
com parison of individual experimental and theoretical profiles. Fortunately the differences 
betw een the measured and calculated C om pton profiles are larger (~  = 1 % J(0) ) th a n  the 
s ta tis tic a l errors of th e  form er (~  = 3/10  % J(0) ) and whereas the high energy d a ta  are 
not precise enough to  p inpoint the anisotropies in the momentum density they  can be 
used with confidence to  establish the difference between experiment and theory for indivi­
d u al profiles. In this way th e  two experimental system s complement each other.
4 . 5 .4 .  T h e  I n d i v i d u a l  P ro f i le s
T he l#*Au experim ental profiles normalised to  the free atom  value of 6.145 electrons 
betw een 0 and 7 a.u . were found to agree w ithin 0.2 %J(0) w ith the free atom  curve in  the 
high  m omentum lim it. T his, together w ith  acceptable centrosym metry of th e  profiles, 
ind ica tes th a t  the system atic corrections had been properly applied. The profiles a re  listed 
in tab le  4.1. Figure 4.9 shows the differences J ( p .  )lh*0,y- J ( p ,  )**P for all th ree o rien ta ­
tio n s  measured on th e  gold spectrom eter for th ree of the theories discussed in th e  previous 
sec tions. The conduction electron profiles for the local density, APW  and H artree-Fock 
ca lcu lations are quoted by their authors o u t to  1.1 a.u., 2.45 a.u . and 3.5 a.u . o f m om en­
tu m  and have areas of 2.46, 2.94 and 3.06 electrons respectively. Thus over th e  quoted 
ra n g e the local density  and  APW  theories underestim ate the conduction electron co n trib u ­
tio n  to  the to tal profile whereas the H artree-Fock calculation predicts too g reat a  contri­
b u tio n  from these electrons. From the d a ta  shown it is clear th a t  the local density  and 
A P W  calculations significantly overestimate the magnitude of the low m om entum  contri­
b u tio n  to the C om pton profile between 0 and 1 a.u. If, however, the L am -Platzm an
T a b le  4.1 Experimental ‘""Au and theoretical C om pton  profiles o f alum inium  along 
[111], [110] and [100]. All theories are convoluted w ith a Gaussian of FWHM 0.40 
a.u. corresponding to  th e  experimental detec to r resolution half-w idth. T he free atom  
values are taken from Biggs, Mendelsohn and  M ann, 1975.
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F ig u re  4.9 The difference between theoretical and experim en tal directional profiles (i.e. 
J(pI ),h*°,y — J(p,)**pl ) for (a) local density (b) APW  a n d  (c) Hartree-Fock calculations 
for the [H I] •  •  • ,  [110] □ Ü □ and [100] O O O  d irec tiona l profiles m easured with 
the high energy spectrom eter. T he solid lines in (a) a n d  (b) show the L am -P lattm an  
correction. All theories have been convoluted w ith  a  Gaussian of 0 .10 a.u . FWHM 
before com parison with experiment.
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correction is taken  into account it  can be seen in figure 4.8 (a) and (b) th a t  su b s tan tia lly  
better agreem ent between theory and experim ent is achieved. This co rrec tion  can be 
directly applied to  the local density based theory shown in this figure since th e  charge 
density used for its  calculation is identical to th a t  used in Sacchetti's band ca lcu la tion . 
Although th e  Lam -Platzm an correction is not s trictly  applicable to  theories o th e r  than  
those based on local density models, it  would greatly  improve the agreem ent betw een  the 
APW  theory and experim ent as is clear from figure 4.9. The converse is tru e , however, 
for the all electron self-consistent Hartree-Fock calculation. As anticipated th is  indicates 
th a t  the effect o f th e  electron-electron interaction is overestimated in this m odel an d  con­
sequently th e  conduction electron profile is smeared out to  too great a degree. T h is  is in 
contrast to  th e  s itua tion  for beryllium where both Hartree-Fock and local d en s ity  pseudo­
potential calculations predict profiles which overestimate the experim ental re su lt  by ~  
3%  a t  the origin after the correlation correction has been made (see Bauer an d  Schneider, 
1983a).
The profiles derived from  the tight-binding model of Tawil are in poor agreem ent 
w ith experim ent, differing by roughly 2.5 % J(0) a t  the origin (compared w ith  ab o u t l %  
for the A PW  theory and 1.3%  for the Hartree-Fock calculation) and they are  n o t repro­
duced in figure 4.9. This suggests th a t  the tight-binding model is relatively p o o r for the 
purposes of predicting C om pton profiles for th is good free electron m etal a lth o u g h  quanti­
tative assessm ent is difficult due to the unreliability of this particu lar ca lcu la tio n . The 
reverse has been found to  be true for the transition  elements where the a to m ic  n a tu re  of 
the d-w avefunctions are generally better described by the LCAO approach (see Rollason, 
Holt and C ooper, 1983 a, b and Bauer and Schneider, 1983b).
4 .5 .5 .  R e c i p r o c a l  F o r m  F a c t o r s
T he significance of presenting Compton d a ta  in B-function form is t h a t  th e  m ajority 
of system atic erro rs associated with obtaining a  Compton profile are slowly v ary in g  func­
tions of m om entum  and are therefore compressed into a small region around th e  origin of
position space on transform ation  (see section 2.6). Additionally th e  long range behavior of 
the reciprocal form factor is characteristic only of the conduction electrons since the flat, 
extended core contribution in m om entum  space transform s to a  localised, narrow distribu­
tion in position space. T he values of B (i) a t  high z, however, are suppressed by the exper­
im ental resolution which appears as a G aussian damping function with <r ■ 7.3 A
corresponding to  the resolution FW HM  of 0.4 a.u. The data  a t  in term edia te values of z. 
therefore, potentially  contain the m ost inform ation and are technically simple to  inter­
pret.
T he successive values of the reciprocal form factor a t lattice transla tion  vectors, R, 
correspond to  a  series of term s describing th e  3D Fourier transform  of the Ferm i surface 
with all filled bands giving zero con tribu tion  (see section 2.6). A lthough the high order 
com ponents of B(R) cannot be readily obtained  from Compton sca ttering  studies, the 
difference between theoretical and experim ental B-functions a t  low R  is indicative of the 
accuracy of the predicted occupation function  (i.e. n„ (k) in eq. 2.29).
T he reciprocal form  factor for th e  [110] direction (i.e. the nearest neighbour direction 
in an f.c.c. lattice), obtained by Fourier transform ing the C om pton profile, for th e  calcu­
lated and measured d a ta  is shown in figure 4.10. From eq. 2.29 i t  may readily be deduced 
th a t  the the value of B(*) a t  i  = 0 is equal to  the atomic num ber of the sca tte rer. For 
alum inium  B(0) is found to be 12.96 (not shown in figure 4.10) which indicates tha t 
transform ation of th e  C om pton profile to  real space has been perform ed correctly. Unfor­
tunately  the d a ta  a t  th e  first lattice tran sla tio n  vector (i.e. V2a = 5.6 A for th e  [110] 
direction) is too dam ped to  enable any m eaningful in terpretation . It is apparen t, however 
th a t  th e  overlap of th e  w avefunction is greatest a t ~  2.8 A (indicated by th e  arrow) 
which corresponds to  approxim ately th a t  o f the nearest neighbour distance. The 
differences between the experim ental and  calculated B-functions a t  th is point are given in 
tab le 4.2 after add ition  of the transfo rm  o f th e  Lam -Platzman correction (open circles) to
the theoretical d a ta .
B(z)
F ig u r e  4 .1 0  Reciprocal form facto r for the [110], nearest neighbour, direction of 
alum inium  [ •  •  •  experim ent, — • — H artree-Fock (see C ausa e t  al, 1981), dashed 
line SVD (see Sacchetti, 1984), solid line APW  (see K ubo e t al. 1976) and □ □ C free 
atom  (see Biggs e t al. 1975)]. T he open circles denote th e  isotropic Fourier transform  
of the Lam -Platzm an correction. T he experim ental e rro r a t  in term edia te values of z 
are of the order of the radius of the dots. T his B-function is very sim ilar in both 
shape and m agnitude to  th a t  o f th e  o ther two principle directions which indicates 
the free electron like behavior o f th e  conduction electrons in alum inium . T he arrow
co rre sp o n d s  t o  a  la tt ic e  t r a n s la t io n  o f  — T- 
V *
-  6 2 -
Experiment APW SVD H-F
B(R) -0.072 ¿0.010 -0.079 -0.089 -0.079
¿B (R ) 0.000 0.007 0.017 0.007
T a b le  4 .2  The difference between experim ental and theoretical B functions a t  th e  lattice 
transla tion  corresponding to the position of greatest overlap of th e  w avefunction.
When this correction is taken into account a t  no point in the en tire  spatia l d istribu­
tion does either theory devia te from the experim ental B -function by more th a n  than  two 
s tandard  deviations of th e  experimental error which indicates th a t  each is relatively suc­
cessful in calculating th e  occupation function. This provides further evidence of th e  free- 
electron like behaviour of the conduction electrons in alum inium  although in th is case 
effectively prevents resolution between the different band calculations.
C H A P T E R  5
C H R O M IU M
5 .1 . In t ro d u c t io n
T he main ob jec tive of this study  is to  extend a  series of m easurem ents on the 3d 
transition  metal e lem ents and in so doing establish the m ost appropriate  band  calculation 
employed to  describe th e  behavior of th e  3d electrons.
T he s tru c tu re  o f chromium  a t room tem peratu re is b.c.c. (the  so called a  phase) w ith  
a  lattice constan t of 5.3 a.u. although a transition  to  f.c.c. does occur a t  1840 °C (th e  (3 
phase). Chrom ium  exists in an anti-ferrom agnetic s ta te  below its Neel tem pera tu re  (311.5 
K) and it is for th is  s ta te  th a t curren t band  calculations have been applied. T his experi­
m ental study was perform ed a t  room tem peratu re (i.e. ~  15 K below TN) although the 
observed profiles are independent of m agnetic effects in the absence of circularly polarised 
rad ia tion  and an applied  B  field (see section 1.4.1).
T he physical and  chemical properties of transition  m etal elements and  com pounds 
are determ ined, to  a  large extent, by th e  population of th e  d o rb ital energy levels. In th e  
solid th e  crystal field sp lits  the 3d s ta tes  in to  tw o non-degenerate sym m etry groups, t2s 
and eB, the occupancy o f which is determ ined  by th e  s trength  of the ligand in teraction  (see 
Coulson, 1961). T h is  is in contrast to  good free electron m etals, such as alum inium , where 
th e  s band conduction electrons occupy plane wave states.
For octahedra l coordination such as th a t  observed in chromium , the e( and t1( sp lit­
tings can be described in term s of a higher energy doubly degenerate orb ital se t th a t  po in t 
a t  the electron repelling ligands and a  lower energy trip ly  degenerate set th a t  po in t 
between and avoid th e  ligands, respectively. A ccurate determ ination  of the occupancy of
these s ta tes  is central to the deduction of th e  m omentum distribu tion  in subsequent band 
calculations and it is to  this end th a t  an extensive study of the 3d transition series has 
been m ade over the past decade.
In chromium  the orb ital population o f the ef and t lg s ta te s  has been observed 
through both  X-ray charge density m easurem ents (see D iana and  Mazzone, 1972 and 
O hba, Saito  and Wakoh. 1982) and neutron  spin density m easurem ents (see Stassis, Kline 
and Sinha, 1973 and Moon. Koehler and Trego, 1966) to  be ~  28%  and  72% respectively. 
These occupancies describe an aspherical rad ia l charge density re la tive to the free atom  
which m ust be taken  into consideration in subsequent band calculations.
R ecent research has been concerned w ith  measuring the d irec tional Compton profiles 
of iron (see Rollason, Holt and Cooper, 1983a), vanadium  (see Rollason e t al, 1983b), 
nickel (see Rollason. Schneider. Laundy, H olt and  Cooper 1987) and  copper (see Bauer and 
Schneider, 1984). The results of these m easurem ents, all o f which were made on elements 
possessing cubic sym m etry, have been com pared with a variety  of band  calculations, not­
ably A PW , LCAO and LDA models. A part from scandium  and manganese, which are 
difficult to  ob tain  in pure crystalline form , th e  remaining 3d tran sitio n  metal elements, i.e. 
titan ium , cobalt and zinc, are hexagonal in s tru c tu re  and therefore difficult to  model for 
the purposes of band calculations. Consequently  this study  will com plete all p ractical 
investigations of the 3d series by the C om pton  scattering technique.
5 .2 .  P r e v i o u s  R e s e a r c h
5 .2 .1 .  E x p e r i m e n t a l  S t u d i e s
T he earliest experim ental m easurem ent of the directional Compton profiles of 
chrom ium  was by Weiss (1973) who used Ag K„ X-rays (E -  22.17 keV) incident on a  [100] 
single crysta l. A second directional m easurem ent was then m ade by ro tating  the crystal 
abou t th e  [110] direction to  present th e  (111) face to the incident rad ia tion . Consequently 
this s tu d y  employed two different sca tte rin g  geometries. T he resu ltan t d a ta  were 
obtained  by adding together many m easurem ents for each o rien ta tio n  to  record a  to ta l
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intensity  of ~  10* counts in th e  region of the Compton peak and w ere normalised to  the 
free atom  value of 9.7 between 0  and 5 a.u. The d a ta  reduction consisted essentially of 
sub trac ting  a straight line background from the observed spectra followed by transform a­
tion from energy to m omentum space via eq. 1.21. No correction for the energy depen­
dence of the Compton cross-section, sample absorption or m ultiple sca tte ring  was applied 
to  the d a ta  which subsequently shows a large experimental error a t  th e  Compton peak ( ~
2.5 % J(0)). T he difference between the directional profiles (i.e. [ I l l ]  - [100]) was ~  7 
% J(0) a t  the origin which suggested a build up in m omentum density  around the origin 
along th e  [111] direction - th e  direction of nearest neighbours in th e  b.c.c. lattice. G ood 
agreem ent between both profiles and the free atom  value was observed in the high 
m om entum  lim it. The crudity o f the processing of these m easurem ents coupled w ith the 
low energy transfer associated w ith the X-radiation ( <  2 keV for Agk „ radiation) lim its 
the ex ten t to  which these experim ental profiles can be interpreted.
In 1974 O hara, Fukam achi, Hosoya and T akeda used *4 ,Am -y-radiation (60 keV) 
incident on a spherical single crysta l sample oriented appropriately to  measure the [111], 
[110] and  [100] directional profiles of chromium. A to ta l o f 75,000 coun ts were recorded in 
the C om pton  peak channel (w id th  — 30 eV) for each m easurem ent. The resultant densi­
ties were normalised to the free atom  value between 0 and 5 a.u . Since no correction for 
re la tiv istic  effects, absorption o r multiple scattering were applied in the d a ta  processing 
only th e  profile anisotropies were interpreted. They were, however, alm ost an order of 
m agnitude more accurate th an  th e  Weiss d a ta  and indicated a  difference of — 4 % J(0) a t  
the C om pton  peak between th e  [111] and [100] m easurem ents (com pared with ~  7 % J(0) 
for th e  earlier measurement). T he results were found to  be in good qualitative agreem ent 
w ith a  LCAO calculation perform ed by Rath, W ang, 1 awil and C allaw ay (1973) although 
the experim ental anisotropies were consistently less than  th e  theory  over the en tire  
m om entum  range published (i.e. 0  to  5.0 a.u.).
T he only other C om pton profile measurement of chromium w as performed by P aak- 
kari, M anninen and Berggren (1975) who used 60 keV -y-radiation incident on a
- 68 -
polycrystalline sam ple. A lthough all the directional properties were lost in such a  m eas­
urem ent the subsequent d a ta  were corrected for m ultiple scattering, sam ple absorp tion  
and  the energy dependence of th e  Compton cross-section and  were consequently accu ra te  
to  within 1 % J(0) a t  th e  C om pton peak. The isotropic experim ental profile was com pared 
w ith  the results of a renorm alised free atom  model (RFA) in which Bloch functions for th e  
4s band electrons were obtained  by simply trunca ting  th e  corresponding free ato m  
w avefunction a t  the W igner-Seitz sphere and renorm alising it  to one to  preserve charge 
neutra lity . T he best agreem ent w ith the experim ental d a ta  from such a model was 
observed for a  3d44s* configuration with equal w eighting given to the t lf  and ef o rb ita l 
populations (i.e. corresponding to  a  spherical charge distribu tion). A dditionally th e  d a ta  
com pared well w ith a spherical average of the directional C om pton profiles derived from  
th e  LCAO calculation of R ath  e t  al.
5 .2 .2 .  T h e o r e t i c a l  S t u d i e s
In the LCAO calculation by R ath  e t al (1973) th e  wavefunctions for all except th e  3d 
s ta tes  were constructed  from a  linear com bination o f G aussian-type orb itals (G T O ’s) - see 
W achters, 1970. For the 3d functions, 5 separate G T O ’s w ere used to  account for th e  tag 
and  ef  degeneracies due to  the presence of the crystal field. The to ta l electron w avefunc­
tion  was then evaluated  a t  140 points over l/48 th of th e  Brillouin zone - the prim itive 
volume elem ent of a  cubic mesh. T he sum of the contribu tions to  the C om pton profile 
from  individual electron bands was subsequently deduced by summing over 3000 recipro­
cal lattice poin ts (i.e. o u t to  ~  3500 a.u .) and was found to  converge quickly for th e  band  
s ta te s  (i.e. 4s and 3d). For th e  core states, however, where small exponents of th e  
wavefunction are encountered, th e  convergence was m uch slower and consequently th e  
contribu tions from  the 2s and 2p electrons were incom plete. No contribution from th e  Is  
electrons was included w ith th e  result th a t the published directional profiles are deficient 
in  area by — 2.06 electrons to  7 a.u . The m ajority  of th is  missing density , however, can 
be included by adding a Is H artree-Fock free atom  d istribu tion  to the published d a ta . N o
a ttem p t to  include the effects of electron exchange and correlation was m ade in this calcu­
lation.
A second available band calculation is by W akoh, Kubo and Y am ashita , 1976, who 
used the APW  m ethod to  calculate the m om entum  distribution of th e  conduction elec­
trons. T his calculation uses a modified X„ po ten tia l, such as th a t  described by eq. 2.3.1 
(see W akoh and Y am ashita , 1973), and was determ ined  to reproduce th e  observed Fermi 
surface behaviour in an applied B field, i.e. the de Haas-van Alphen effect (see Kahn and 
Frederikse, 1959, for a complete description). T h e  energy values were calculated a t  55 
points in the irreducible Brillouin zone from 50 angular m om entum  dependent A PW ’s 
with a  m aximum o rb ita l value of L * 8 for the volum e outside the Ferm i surface. W ithin 
this surface values of L up to  4 were included and  th e  momentum d is tribu tion  was d ete r­
mined from Bloch functions for 87 reciprocal la ttice  vectors (i.e. up to  th e  6th nearest 
neighbours in k-space). J (p .)  was then derived by sum m ation over each occupied k , 
obtained by linear interpolation of each cubic m esh. T he tJf states were found to be below 
the Ferm i level an d  were occupied w ith a w eighted population of 72% . Unlike the LCAO 
model th is ca lcu lation  includes th e  effects of electron exchange although  it takes no 
account of correla tion  (see section 6.1.1). It does, however, reproduce well the Ferm i 
topology and accura tely  predicts th e  antiferrom agnetic  energy gap.
A lthough th e  APW  calculation completely describes the three dim ensional momen­
tum  density  o u t to  ~  100 a.u., th e  resu ltan t C om pton  profiles are on average deficient by 
0.16 electrons. T h is  discrepancy arises because J ( p .)  is deduced by in teg ra ting  n(p) over 
all values of p„ and  py (i.e. between p ,  and «  - see eq. 2.8) and hence th e  contribution to  
the C om pton profile is restricted to  values of m om entum  less than  100 a.u . in this form u­
lism. T his has been consistently observed in o th e r transition  m etal stud ies  by Rollason e t 
al (1983 a, b) w hich have revealed deficiencies in  the number of conduction electrons 
present in the A PW  C om pton profiles of vanadium  and iron.
In the case o f chromium , both  calculations p red ic t a build up in m om entum  density 
a t  the origin in th e  [111] direction and agree well in the period w ith  which the profile
aniso tropies oscillate. They differ, however, by up to  ~  6 % J(0) in th e  am plitude of these 
oscillations with th e  LCAO model consistently predicting the greater anisotropy.
A t the m oment the predictions of the band calculations rem ain unresolved in the 
absence of accurate experim ental d a ta . It is the intention of th is study  to  highlight the 
re la tiv e  merits and lim itations of each calculation by com paring th e  absolute profiles, 
an iso tropies and B-functions with those measured on th e  high energy spectrom eter.
In addition to  C om pton d ata , inform ation ab o u t the electron m om entum  density can 
be gleaned from positron annihilation studies. Such a  study of chrom ium  has been made 
by  Shiotani, O kada, Sekizawa, W akoh and Kubo (1977) who reported the angular correla­
t io n  fuhctions of th e  three m ajor crystallographic directions, i.e. [ I l l ] ,  [101] and [001]. 
T h e se  results revealed a  concentration of m omentum density along the [111] direction 
w h ich  was confirmed by the results of an APW calculation by th e  sam e authors. In gen­
e ra l th is study was lim ited by poor statistics and it is hoped th a t  substantially  better 
ag reem en t between experim ent and theory  will be achieved here.
5 . 3 .  E x p e r i m e n t a l  D e ta i l s
T he [111], [110] and [100] directional C om pton profiles of chrom ium  were measured 
o n  th e  gold and am ericium  spectrom eter systems described in section 4.3. The single cry­
s ta ls , purchased from  M etals Research, Cambridge, were approxim ately cylindrical with 
th e  dimensions given in tab le 5.1.
T he ratio  of th e  sam ple area to  th a t  of the incident beam a t  th e  targe t position for 
th e  high and low energy spectrom eters is typically — 0.33 and 0.16 respectively, which 
rep resen ts a significant loss in in tensity  of scattered radiation (i.e. ~  70%  and 85%). To 
en su re  th a t the m axim um  count ra te  was obtained, therefore, photographs of the incident 
b ea m  were taken and th e  sam ples positioned accordingly.
Individual spec tra were accum ulated over a  period of 50 to  150 hours depending on 
source activity for the gold system  m easurements and  for ~  320 hours for those made on 
th e  americium spectrom eter. This enabled an in tensity  of ~  32 x 10* and 26 x 10* counts
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to be recorded u n d e r the respective C om pton peaks. N o electronic d rift was observed 
during either experim en t. The background contribution a t  th e  centre of the C om pton line 
was ~  1% for th e  high energy system , allowing for source decay, and — \%  for the 341 Am 
system. These v alu e s  are greater th an  those observed for th e  aluminium study  due to  the 
smaller diam eter o f  the samples used in this study (i.e. — 10 mm compared with ~  20 
mm).
S am p le  orientation Average diam eter 
(mm)
Thickness
(mm)
Area
(mm3)
111 11.76 2.2 108 ±  2
110 9.63 2.0 72 = 1
100 9.31 2.0 68 = 1
T a b le  5.1  G eom etrica l param eters o f the single crystal chrom ium  samples.
The sp ec tra l distribu tions o f m ultiple sca tte ring  w ere obtained from two M onte 
Carlo s im ula tions  per experim ental system necessitated  by the different sam ple 
thicknesses. A cub ic  spline fit to  each multiple profile was then made to  reduce th e  
am ount of noise introduced to  J ( p .)  when the co rrec tion  was applied. T he m ultiple 
profiles for th e  go ld  spectrom eter system  were obtained  from  an input of 4.1 million pho­
tons (com pared w ith  1 million used in the alum inium  s tu d y ) with each d is tribu tion  con­
taining — 104 c o u n ts  over the range -7 a.u. <  p .  <  7 a .u . The two d is tribu tions were 
clearly separab le  and corresponded to  values of a  o f 1.176 (t= 2 .2m m ) and 1.154 
(t=2.0m m ). T h is  is as expected since the ratio  of m ultip le  to  single sca tte ring  is direc tly  
proportional to  sam ple thickness provided each sca tte rin g  event occurs w ithin one mean 
free path of th e  incident rad ia tion  in the target m a te ria l (i.e. ~  13 mm for 412 keV
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radiation in chromium). T he less ac cu ra te  m ultiple profiles for the low energy spectrom e­
ter were calculated from an input of — 10® photons since the processed d a ta  is on ly  useful 
for describing profile anisotropies as d iscussed  in sections 3.2 and 4.4. The corresponding 
values of a ,  which were used to  sca le th e  individual profiles before th e  directional 
differences were taken, were found to  be independent of sam ple thickness, i.e. a  -  1.13 3= 
0.01 in both simulations. This is due to  th e  shorter mean free path  of 60 keV rad ia tion  in 
chromium ( ~  1.3 mm) relative to  the ta rg e t  thickness.
The efficiency correction made to  th e  measured Hneshape was the sam e  as th a t  
applied to th e  alum inium  d a ta  and is illu s tra ted  in figure 3.2. T he l#*Au experim ental 
profiles were normalised to  the free a to m  value of 10.70 between 0 and 7.0 a .u . and were 
found to reduce to  within 0.03 % J(0) o f th e  free atom  curve in the high m om entum  limit 
as illustrated by figure 5.1. T he [111] a n d  [100] directional profiles are o m itte d  from this 
figure for the sake of clarity  although  th e ir shape and am plitude is ty p ica l of th a t 
observed for the [110] free atom  - experim en t data.
5 .4 . R e su lts  a n d  D iscussion
5 .4 .1 . P ro file  S y m m e try
The directional profiles were o b ta in ed  by the application of the modified d a ta  pro­
cessing described in section 3.2 and a re  o f  excellent centrosym m etry as illu s tra ted  by the 
dashed curve in figure 3.5(a). T he rem ain ing  asym m etry of the [110] d irec tiona l profile, 
which again is characteristic of all th e  profiles measured, is effectively zero w ith in  experi­
mental error over the entire m om entum  range p lotted and represents a significant step 
forward in th e  ex ten t to  which observed  d a ta  can be reduced (prior to  th is m easurem ent 
experimental profiles have been a t  lea st 0 .5  % J(0) asym m etric a t  some poin t in  the d istri­
bution). T his enables d a ta  from bo th  sides of the profile to  be interpreted in  con trast to 
previous transition  m etal m easurem ents (see Rollason e t al 1983 a, b and 1987) in which 
only data  from the high m om entum  sid e  of the profile, o r a t  best a le f t/r ig h t average to  
describe the anisotropies, has been presen ted . The high degree of sym m etry  observed in
F ig u r e  5.1 Free atom  - experim ent for the [110] C o m p to n  profile of chromium  measured
on the high energy spectrom eter. The form of th is cu rv e  is characteristic o f all three 
directional m easurem ents.
the lfl*Au experim ental profiles and their reduction to  the free ato m  lim it a t high 
m om enta ind icates th a t  the d a ta  processing has been applied successfully.
T he profiles measured on the low energy spectrom eter were also norm alised  to  the 
free atom  value between 0 and 7.0 a.u. and were found to  be of low in h e re n t sym metry 
(typically ~  2 % J(0) a t 1.5 a.u.). This may be a ttrib u ted  potentially to  th e  breakdow n of 
the impulse approxim ation assumed in the d a ta  processing (see section 1.5) w hich compli­
cates the norm alisation  of these profiles. Additionally the chromium K b ind ing  energy 
(Eb = 5.99 keV ) prevents these electrons contributing to  the to ta l profile fo r momentum 
values g rea ter th a n  ~  8.6 a.u. in which case the high momentum tail lies below  the free 
atom  limit. In view of these lim itations only the profile anisotropies m easu red  on th e  low 
energy system  will be presented here.
In order to  include the to ta l electron momentum density in the th eo re tic a l profiles a 
H artree-Fock free atom  core and Is d istribution were added to  the A P W  and LCAO 
C om pton profiles respectively. T he electron deficiency in the former, how ever, accounts 
for ~  b%  o f th e  to ta l band electron density  which im pairs comparison w ith  th e  individual 
experim ental profiles.
T he l#aAu, APW  and LCAO directional Compton profiles are listed in  tab le  5.2. The 
theoretical d a ta  have been convoluted with a G aussian of FW HW  0.4 a .u . corresponding 
to  the w id th  o f th e  resolution function for this system. Also tab u la te d  a r e  the Hartree- 
Fock free a to m  profile taken from Biggs e t al (1975) and the L am -P latzm an  correction for 
chromium  ca lcu lated  via eq 2.33.
5 .4 .2 . D iffe re n c e  P ro files
T he experim ental difference profiles derived from m easurements m ad e  on both spec­
trom eter system s are shown in figure 5.2. The profile anisotropies p re d ic ted  by the APW 
(solid lines) and  th e  LCAO (dashed lines) band calculations are included in  th is diagram 
and have been convoluted with a  G aussian of appropriate w idth. It is clear from this 
figure th a t  th e  datase ts obtained from the different spectrom eters are in excellent m utual
T a b le  5 .2  Experim ental ‘®*Au and  theoretical C om pton  profiles of chromium  along [111!- 
[ | 10) and [100]. B oth  theories and the Lam -Platzm an correction are convoluted w ith  
a G aussian of FW H M  0.40  a.u . corresponding to  the experim ental detector re so lu ­
tion half-w idth. T he free a tom  values are taken  from Biggs. Mendelsohn and M ann.
1975.
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F igure 5.2 The profile an im irn p k  measured on the ,#*Au (upper pari of figure) and 
*, , Ain (lower part of figure) spectrometer systems. The dashed and solid lines 
correspond to  the difference* predicted by APW (see VVakoh et al. 1076) and LC'AO 
(see Rath et al. 1973) band calculations respectively which have been convoluted 
with the appropriate width Gaussian.
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agreem ent and are of comparable s ta tis tic a l accuracy a t  th e  C om pton  peak [<r — 0.4%  
J(0)]. The difference in the net area  between high and low m om entum  sides of the aniso­
tropies for the low energy system, particu larly  for the (111] - (110| difference, indicates the 
am biguity  in the profile norm alisation. Even so these datase ts reveal the fine structu re 
present in the gold system  m easurem ents (e.g. a t s  — 1.1 a.u.).
T he APW  and LCAO band calculations are in excellent agreem ent with both sets of 
experim ental [110] - [100] difference profiles. From the curves on th e  left of figure 5.2 it 
appears th a t  both theories predict a build up in m om entum  density  along the [111] 
nearest neighbour direction (i.e. th e  direction of greatest overlap betw een secondary Fermi 
d istribu tions - see section 2.5.3). A lthough this is observed experim entally , the m agnitude 
of th e  [111] - [100] anisotropy m easured on both spec trom eter system s deviates 
significantly from th a t  predicted by ~  2<r for the APW calculation and  by more than  5<r 
for the LCAO model. This suggests th a t  the effects of exchange and  correlation are 
greatest for the nearest neighbour direction and th a t the con tribu tion  to  the [111] direc­
tional C om pton profile by the form er (om itted in the LCAO form alism ) is the more 
significant of the tw o. On the basis of the d a ta  presented in figure 5.2, therefore, the 
effects of exchange may be es tim ated  to  decrease the [111] profile peak height by — 0.05 
electrons per a.u. a t  the origin (i.e. th e  difference between the LCA O  and APW  calcula­
tions), resulting in a sh ift in density  to  ~  r  1 a.u. Since neither ca lcu lation  includes corre­
lation effects their contribution to  th e  to ta l Compton profile ca n n o t be fully assessed 
although the experim ental evidence suggests th a t  they account for — 0.03 electrons per 
a.u . a t  the origin (i.e. the difference between the APW and m easured [111] - [100] aniso­
tropy).
A part from the above discrepancies both calculations are in good m utual agreem ent 
and accurately reproduce the frequency w ith which the experim ental anisotropies oscillate. 
Since the directional properties depend on the occupancy of th e  t3> and  e( orbitals, this 
indicates th a t both theories assum e th e  correct population of these sta tes. Consequently 
the occupancies observed by D iana and  Mazzone (i.e. 72%  and  28%  respectively) are
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confirmed by this study .
T he results of the LCAO and APW band calculations applied to  vanad ium  are 
entirely consistent w ith  those presented here (see W akoh e t al. 1976 and L auren t, Wang 
and Callaw ay, 1978). In these studies the LCAO m ethod predicts an an iso tropy  greater 
typically by ~  0.02 electrons per a.u. than does th e  APW  calculation, w hich again 
excludes the effects of electron correlation.
5 .4 .2 .1 . F e rm i G e o m e try
The origin of th e  oscillations in the anisotropy of chrom ium  can be understood  quali­
tatively  by considering its  Fermi geometry, which is illustra ted  in figure 5.3. In this 
diagram  th e  first Brillouin zone is represented by a dodecahedron. Each Ferm i surface is 
given by a superposition of the contributions from individual bands and is repeated 
th roughout reciprocal space. Complex Fermi geom etries are characteristic of th e  3d tran ­
sition m etal series and  arise essentially as a consequence of th e  interaction betw een the d 
and the less localised 4s electrons (see Cracknel! and W ong, 1973).
P a rt  (a) of figure 5.3 is taken from W akoh e t al (1976) and shows schem atically  the 
occupancy of the 3rd band which is characterised by hole pockets a t  the reciprocal lattice 
sym m etry points N and octahedral holes a t  the points H. P a rt (b) (taken from  C racknell 
and W ong, 1973) identifies the composite contribu tion  from the 4th and 5th b an d s  which 
consists of a  large closed region of electrons around the origin, T, w ith “ k n o b s” a t  its 
corners, commonly referred to as an “electron ja c k ” , and small inter-connecting electron 
pockets, o r “ lenses” , a t  the points H respectively. A lthough th e  1** and 2nd band  electrons 
(not shown) alm ost completely fill the first Brillouin zone, their contribu tion  to  th e  Comp­
ton profile is approxim ately isotropic. Consequently th e  Ferm i d istribu tion  o f th e  higher 
order bands determ ines the anisotropic structu re in th e  m om entum  density.
A t th e  origin i t  is clear th a t  the plane perpendicular to  the [111] d irec tion  contains 
only electron jacks a t  th e  T points of the surrounding zones. For the corresponding planes 
normal to  the [110] and [100] directions, however, bo th  holes from th e  3rd band  and
( 1 0 0 )
(b)
F igure  5.3 (a) Schem atic illu stration  o f the closed hole pockets at the sym m etry  points 
denoted by N  and H in the 3rd band o f chrom ium  (taken from  W 'akoh  et al. 1976) 
and  (b ) the electron jacks at the origin. T. and lenses at H  present in the 4,h and  5,h 
band s respectively (taken from  C ra rkn c ll and W ong, 1973). In  ençh case the first 
B rillou in  zone i* denoted by :t dodecahedron.
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electron jacks from the 4,h are present a t  the origin. Since the contribution from  th e  elec­
tron  lenses in the 5th band for the antiferrom agnetic s ta te  of chromium  is sm all (see 
W akoh e t al, 1970), the individual contribu tions to  the Compton profile in th e  la t te r  two 
cases tend to  cancel each other out. Consequently at the T point th e  [111] C om pton 
profile should exhib it the greatest m omentum density as is confirmed experim entally . This 
a ttem p t to  understand  the anisotropic m om entum  density assumes a free e lectron  density 
of s ta tes  below th e  Fermi level of each band since it  makes no reference to  th e  band  occu­
pation num bers. W akoh et al (1976) observed th a t  the tJf orbitals, which accoun t for the 
m ajo rity  o f the d electron population, lie below this level and are therefore com pletely 
filled which justifies this assum ption for such a  qualitative in terpretation.
5 .4 .2 .2 .  C o m p a r i s o n  o f  t h e  A n i s o t r o p ie s  w i t h  P r e v i o u s  M e a s u r e m e n t s
Both experim ental datase ts are in much better agreem ent with th e  LCA O  calcula­
tion th a n  those reported by O hara e t al, 1974. In th a t case the theory  w as found to 
overestim ate experim ent by on average ~  0.2 electrons per a.u. com pared w ith  ~  0.05 
electrons per a.u . observed here. A difference th a t  large cannot be a ttr ib u te d  to  th e  effects 
of m ultip le sca ttering .
T he [111] - [110] anisotropy obtained from the X-ray measurem ent o f W eiss (1973) is 
in poor agreem ent with the current experim ental data . The magnitude of th e  early  aniso­
tropies are up to  4 times greater than  th a t  show n in figure 5.2 (i.e. a t  ~  1 a .u .) and  oscil­
late w ith  a  period typically ~  0.2 a.u . slower th an  the present result. T he ex te n t of these 
discrepancies is undoubtedly due to  the poor quality  of X-ray m easurem ents an d  illustra te  
the sensitiv ity  of Compton d a ta  to  the sm all quantitative energy dependent corrections 
perform ed in m odern day studies. The m easured and calculated anisotropies fo r th e  direc­
tional angu lar correlations of chromium  reported  by Shiotani e t al (1977) are in reason­
able qualita tive  agreem ent with the results presented here. T he ratios of th e  [111] to  [101] 
to  [001] experim ental peak m easurem ents in th e  positron annihilation s tu d y  w ere found to  
be ~  1 : 0.98 : 0.95 which compare favourably with the corresponding figures deduced
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from  the present study (i.e. 1 : 0.98 : 0.96). Although good agreem ent between the aniso­
tropies measured by Shiotani and co-workers with those derived from an APW  calculation 
was observed for values of m om enta below ~  1 a.u., th e  theory did not reproduce experi­
m ent a t  high p (i.e. in com plete con trast to  the C om pton results). T his could possibly be 
due to  the insensitivity of the positron  to  the core electron distribution.
5 .4 .3 . T h e  In d iv id u a l P ro file s
Figure 5.4 shows the difference J (p ,) th*°,y -  J(p,)*l,p for all three directional profiles 
m easured on the gold system  spectrom eter for (a) the APW  and (b) th e  LCAO calcula­
tions, respectively. Both sets o f difference curves are p lotted for negative and positive 
values of m om entum . T h is is the first time th a t  m easured Compton d a ta  have been com ­
pared  with theory over both  sides of the absolute C om pton  profile.
By inspection of figure 5.4(a) it  may be deduced qualitatively th a t  the necessarily 
sym m etric deficiency in electron density  derived from th e  APW  model occurs between 
-  (1 and 3) a.u . T he difference between theory and experim ent for th is calculation is not 
show n above | p a | as 4 a.u . which represents the upper lim it of the published d ata . The 
corresponding curves for the LCAO calculation are presented over the same m om entum  
range in the bo ttom  half o f the figure. This is because th e  LCAO model predicts a  lower 
high m om entum  tail th an  th a t  ca lculated for free atom  which is probably due to  th e  nor­
m alisation problem  associated w ith  the incomplete 2p and  2s contribution to  th e  to ta l 
profile. T he area  resulting from  th is  discrepancy (i.e. for I p ,  I >  4 a .u . in the difference 
curves) is ~  -0 .0 8  electrons per a .u . for each side of th e  lineshape which accounts for the 
n e t positive area  in figure 5.4(b). W ith  this observation the APW profiles are the more 
reliable of th e  tw o band calculations.
It is clear th a t  bo th  calculations significantly overestim ate the m agnitude of th e  low 
m om entum  contribu tion  to  th e  to ta l profile between ~  - 1  and 1 a.u. For the APW  model 
th is  trend  is sim ilar to  the corresponding difference observed for alum inium  in the previ­
ous chapter. T he g rea tes t difference is observed for the (111) directional profile (solid
F ig u re  5 .4  Theory - experiment for (a) the APW  calculation of Wakoh et al, 1976, and 
(b) th e  LC'AO calculation o f R ath e t  al. 1973, for m easurem ents made on the high 
energy system. D ata for the (l 11] ( •  •  • ) , [110] (O O O) and (100] (□ □ □) directional 
profiles are shown in each case. T he theoretical d a ta  has been convoluted with a 
G aussian  of FW HM  0.4 a.u . corresponding to the width of the experimental resolu­
tion  function. T he solid line represents the Lam -Platzman correction for chromium 
and should be subtrac ted  from the difference profiles.
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dots) for both band calculations. This is consistent w ith the evidence provided by consid­
ering the profile anisotropies in the previous section and confirms th a t  th e  effects of 
exchange and correla tion  are most significant for the nearest neighbour direction. Since 
th e  [110] and [100] curves for both sets of difference profiles have roughly th e  sam e value 
a t  the origin (i.e. — 0.1 electrons per a.u .) it may be deduced th a t the effect o f exchange 
in these crystal direc tions is small.
5 .4 .3 .1 .  T h e  C o r r e l a t i o n  C o r r e c t i o n
The L am -Platzm an correction for chromium  is represented by the solid line in figure 
5.4(a) and should be subtrac ted  from the difference d ata . Although the agreem ent between 
experim ent and theo ry  is substantially  im proved by application of th is correction to  the 
LCAO d a ta  in figure 5.4(b), the residual difference is greater than th a t  achieved for the 
A PW  model. T h is indicates th a t th e  core charge density used to  calcu late the APW 
C om pton profiles is a  better approxim ation to  th a t  employed in the form ulation of the 
Lam -Platzm an correction (see Moruzzi e t  al, 1978). In any event applica tion  of this 
correction to  the resu lts  of non-local density band  calculations can only describe qualita­
tively the effects o f exchange and correlation.
To investigate th e  validity of the L am -Platzm an correction further, figure 5.5 shows 
th e  [111] theory - experiment difference for bo th  calculations af te r application of 
AJldV ) .  The b o tto m  part of the figure shows th e  set o f [110],[001] planes in the f.c.c. 
reciprocal lattice (i.e. those normal to  the [111] reciprocal lattice vector). For simplicity 
th e  Ferm i surface o f chromium has been represented by free electron spheres located a t 
reciprocal lattice poin ts in the repeated zone scheme. Although this is a  ra th e r crude 
approxim ation to  th e  Fermi surface illustra ted  in figure 5.3, the detailed shape of the con­
duction electron m om entum  distribu tion  is no t im portan t since the C om pton  profile is 
sm eared with th e  broad (0.4 a.u.) resolution function. T he plane spacing norm al to  the 
[111] direction o f th e  reciprocal la ttice, indicated by the dashed vertical lines, was calcu­
lated  from the la ttic e  param eter to  be 0.97 a.u . T o  in terpret the effects of th e  localised
F ig u r e  5 .5  Upper part : T h e  difference between the LCAO (x  x x )and APVV ( •  •  • )  
band  calculations and experim ent after application of th e  Lam -Platzm an correction. 
T h e  lower part o f th e  figure represents the [110)-[001] plane o f the first Brillouin zone 
w ith  the Fermi su rface of chromium  described as free electron spheres in the 
repeated  zone scheme.
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secondary Fermi surfaces on the conduction electron C om pton profile it is necessary to  
in tegra te the m om entum  density in the planes indicated. It is clearly visible th a t the 
extrem a of the difference between experim ent and theory coincide w ith the ex trem a of the 
cross-sectional area of the Fermi spheres for the m om entum  range shown. T he sym metry 
of the difference confirms this observation.
The form o f figure 5.5 suggests th a t  the Coulom b correlation transfers electrons 
from the ‘occupied” Fermi spheres to  the “ unoccupied” in ters titia l regions of reciprocal 
space and th a t  its  inclusion in each respective theory would reduce the am plitude of the 
observed oscillations. Since these oscillations persist after th e  Lam -Platzm an correction 
has been applied they  must be a t tr ib u te d  to  non-local effects (i.e. those outside the local 
density  approxim ation within w hich the correction was calculated - see section 6.2.1). 
Since the [110] and  [100] difference curves do no t exhibit th e  large scale oscillations 
present in the nearest neighbour d a ta  (see figure 5.4), th e  effects of exchange and correla­
tion  in the corresponding theoretical profiles are much less significant. Consequently their 
exclusion from th e  APW  and LCAO band calculations is relatively unim portant.
From figure 5.4 it  is clear t h a t  th e  APW calculation is in be tter overall agreem ent 
w ith  experim ent th an  the LCAO tight-binding model. This is prim arily th e  result of the 
underestim ation of the directional C om pton profiles a t high p ,  (i.e. relative to  the free 
atom ) by th e  la tte r calculation w hich is manifest as an amplification of the peak height. 
W hen APW  and LCAO calculations were com pared with experim ent for m easurem ents 
made on iron (see Rollason e t al, 1983a), however, the tig h t binding model was found to 
be better su ited  in describing th e  3d states. T he success of the APW  calculation for 
chromium and alum inium  suggests th a t the incorporation of an angular m omentum 
dependence of th e  band electron s ta tes  is extrem ely effective for describing both free- 
electron like and transition  m etals. T he LCAO model, on th e  o ther hand, has only proved 
successful in describing tigh tly-bound, atomic-like states.
5 .4 .4 . R ec ip ro ca l F o rm  F a c to rs
T he reciprocal form factors obtained for th e  principal orientations of chrom ium  are 
shown in figure 5.6. As found in o ther tran sitio n  metal studies (e.g. vanadium  and  iron - 
see Rollason e t al. 1983 a. b) the oscillatory features of the theoretical B -functions are 
characteristically  more pronounced th an  th e ir experimental counterparts. In general the 
LCAO B-functions are in reasonably good agreem ent with those calculated from  th e  APW 
model which indicates th a t  the electron deficiency in the la tte r does not influence the form 
of th e  reciprocal form factor over th e  spatia l range shown.
As w ith the difference profiles presented  in the previous section, the m ost interesting 
direction of the B-function is th a t  of nearest neighbours. From p a r t (a) of figure 5.6 it  can
V3a
be seen th a t both theories predict a large overlap of the w avefunction a t  ( =  2.4) A
2
which corresponds to  a transla tion  of a  la ttice  vector in the [111) direction - i.e. where 
B(r) represents the first Fourier coefficient o f the Fermi shape function as described in sec­
tion 2.6. This feature, however, is only visible as a slight flattening of the experim ental 
d a ta . T his is consistent with the experim ental B-functions of nickel and copper (see Rolla­
son e t  al, 1987). Since B(r) involves the overlap  of integrals over planes in position space 
(i.e. defined by eq. 2.16), th e  sm aller peak in both theories a t  ~  3.3 A corresponds to  the
2s
p ro jec tion  of the (110) lattice transla tion  o n to  the [111) direction (i.e. occurring a t  - ^ r ) .  
T h is is the second [110] plane encountered along this direction - th e  first occurs a t  - ^ r  ( =
1.7 A ) and is too close to  the origin to  be distinguished from th e  [111) overlap  itself. 
A gain the experim ental d a ta  shows only a  slight indication of th is peak. A t th e  lattice 
tran sla tio n  vector, a, in the [111] d irec tion  ( =  4.8 A), the autocorre la tion  of th e  theoreti­
cal wavefunctions assume a minimum although  the relatively poor s ta tis tic s  o f th e  experi­
m en tal result a t  this po in t prevents reso lu tion  of this.
A fter adding the transform  of th e  Lam -Platzm an correction (open circles), the APW 
calculation accurately reproduces th e  observed [111] B-function between ~  2 and 3.5 A
correction which ehould be added 10 tin theoretic»! B-iunction*. The arrow
rorr— lattice rran«lati»n< of - 7  and » respectively.
1  V I
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which ind icates tha t the occupation function derived from this model is more representa­
tive of experim ent than th a t  calculated by the LCAO method. In the la tte r case there is a 
residual difference of ~  0.1 between theory and experiment up to  — 4 A. T he difference 
between th e  two calculations for this directional B-function could be a ttr ib u te d  to  the 
exclusion o f exchange effects in the LCAO model.
G ood agreement in the magnitude of experim ent and theory is observed for the [110) 
and [100] reciprocal form factors after application of the Lam -Platzm an correction. The
position o f the greatest w avefunction overlap in th e  [110] B-function (i.e. T  m 2.0 A) is
V  2
ind icated  by the arrow and appears as a sm all peak in the APW  calculation. The 
corresponding LCAO B-function a t this point, however, predicts a  m inim um . Since the 
experim ental d a ta  lies between these extrem es, i.e. a t 2.0 A, no resolution between the 
tw o calculations can be made. In the [100] autocorrelation both  theories reproduce the 
negative dip a t ~  2 A evident in the experim ental da ta  although the peak in th e  LCAO 
calcu lation  a t  the first lattice  transla tion  vector (2.8 A) is com pletely missing from both 
th e  m easured and APW  B-function.
In conclusion it appears th a t  any large scale features in the B-function m ay be a ttr i­
bu ted  to  the effects of exchange and correlation which, for chrom ium , are m ost significant 
in th e  [111] directional m easurem ent. F u rth er interpretation, however, is difficult due to 
the lim itations imposed by th e  experim ental resolution w ith m any features apparent in 
th e  theore tical da ta  e ither completely missing or only barely distinguishable in  th e  experi­
m ent. O nly for d a ta  of considerably higher statistical accuracy [<r <  0.1 % J(0)\ would 
th e  B-functions become a  valuable tool to  in terp re t Compton d a ta  and a t  p resent provide 
little  more than a qualitative description of th e  autocorrelation of the w avefunction.
S .S . S u m m a r y
T h e  experim ental C om pton profiles presented in th is chapter are the first to  be 
observed with effectively no asym m etry w ith in  experimental erro r afte r application of the
d a ta  reduction  procedure. T his facilitates a com parison between theory and experim ent 
over both sides of the profile and so maximises th e  am ount of inform ation th a t  may be 
extracted from  this study.
G ood agreement is observed between th e  experim ental profile anisotropies of 
chromium an d  those derived from APW  and LCAO band calculations. T he observed build 
up in m om entum  density along the [111] d irec tion  is consistent w ith a qualitative 
in terp re ta tio n  of the Fermi surface. T he difference between theory and experim ent, how­
ever, reveals th a t  both band calculations overestim ate the low m omentum con tribu tion  to 
the abso lu te  Compton profiles. For the [110] and  [100] differences, th is discrepancy is 
significantly reduced by the application of the Lam -Platzm an correction to  the theore tical 
d a ta . Conversely the presence of the high m om entum  oscillations in the [111] difference 
data , w hich remain evident af te r AJlda has been applied, may be a ttrib u ted  to  th e  break­
down of th e  local density approxim ation assumed in  form ulating the correction term .
O f th e  two calculations available, the resu lts o f the APW model are in be tte r overall 
agreem ent w ith  experim ent although th is could be due to a problem w ith  the norm alisa­
tion in th e  LCAO form ulation. Coupled with th e  results for alum inium, presented in the 
preceding chap ter, the A PW  m ethod has been found to provide a  reliable description of 
both good free electron and transition  m etal elem ents.
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C H A P T E R  6
E X C H A N G E  A N D  C O R R E L A T I O N  E F F E C T S  IN  M O M E N T U M  
D E N S I T Y  S T U D I E S
6 .1 .  I n t r o d u c t i o n
T h is  chapter is concerned with the trea tm e n t o f exchange and correlation effects in 
m etals. It describes for the first tim e a m ethod o f calculating their effect on th e  C om pton  
profile which can be followed for all electron density  d istribu tions. T he subsequent 
m odification of the results o f local density based band calculations to  ta k e  account of 
exchange and  correlation effects significantly im proves the agreem ent between experim ent 
and theo ry . T his developm ent, therefore, fac ilita te s  a critical assessm ent of theore tical 
C om pton  profiles and reduces the residual discrepancy between m easured and modelled 
m om entum  densities th a t  has been consistently observed in previous studies.
T h e  com plexity of a  p articu la r band model depends on the n a tu re  of th e  conduction 
electrons under investigation. For good free electron  m etals, such as alum inium , the 
valence electrons are well described by plane w aves whereas, in general, atom ic w avefunc- 
tions are  more representative o f th e  conduction electron  d is tribu tion  in tran sitio n  m etals. 
W hichever basis is adopted th e  solution is o b ta in ed  w ithin the independent partic le  
approxim ation  (IPA) which assum es th a t  'F (r) can be expressed as a  superposition  of 
orthogonal one-electron w avefunctions.
T h e  basic model of th e  conduction electrons in a  metal is th a t  o f a free electron gas 
and i t  is characterised by an  isotropic m om entum  d istribu tion . D eviations from free elec­
tron  behaviour arise from tw o principal sources - firstly  the Coulom b in terac tions between
the conduction electrons and  secondly their in teraction  with the ion cores. In general, 
therefore, the motion of electrons in condensed system s is highly correlated. As a result 
the concept of an interacting electron gas has to  be introduced. T his is achieved by the 
inclusion of an ex tra  term  in th e  one-electron p o ten tia l to  account prim arily  for the effects 
of exchange and correlation - i.e. a m odification of the H artree formulism  (see Ziman, 
1964). T o  some extent th is te rm  is contrived since it  describes all effects no t included in 
the IPA and may consequently be ‘‘tailored to  fit” depending on th e  s tu d y  in hand. 
Nonetheless the concepts of exchange and co rrela tion  are physical and affect the one elec­
tron w avefunctions derived from  a given band ca lculation.
0 .1 .1 .  E x c h a n g e  a n d  C o r r e l a t i o n
T he spin-dependent in teractions between th e  electrons in a given system  can be 
separated  into two catagories (see G unnarson  and Lundqvist, 1976). T he exchange 
in teraction  is th a t  included in th e  Hartree-Fock m ethod (see Fock, 1930 a, b) and arises as 
a  consequence of the Pauli exclusion principle. C orrelation , on the o ther hand , is a  collec­
tive te rm  used to describe th e  spin-dependent in teractions not included in th is  form ulation 
(such as th e  interaction betw een electrons o f an ti-parallel spin). T he following sections 
describe qualitatively the effects of exchange and  correlation on th e  properties of an 
in teracting  electron gas.
6 .1 .1 .1 .  T h e  E x c h a n g e  I n t e r a c t i o n
For a  uniform  charge density , n0, exchange can be understood by considering the 
an ti-sym m etry  of the w avefunction and its  effect on the spatial electron d istribu tion . 
Since th e  Pauli exclusion principle forbids tw o electrons of parallel spin to  s it on the same 
site , the charge density re la tive to  an electron a t  th e  origin of the gas is given by th e  pro­
duct of n0 and the pair correlation function, g (r) (which describes th e  d is tribu tion  in the 
fram e of reference of the electron a t r = 0 - see Lundqvist and M arch, 1983). Conse­
quently  th e  probability of finding another elec tron  with respect to  th e  electron a t  r= 0  
varies from  'A a t  r= 0 , to  u n ity  as r tends to  infinity  (a t which poin t th e  charge density
becomes independent of the electron a t the origin and reverts to its mean value, n0). Each 
electron, therefore, effectively carries around itse lf a  positive cloud • i.e. an ‘exchange- 
hole” . Lundqvist and March show th a t  the poten tial energy per electron of th e  exchange 
hole is given by the following expression ;
no (s(r ) “  »I
E . - - W - ' dr (8.1)
where n0,g(r) -  11 corresponds to  the hole density . Assuming a homogeneous, o r Ferm i, 
d istribution (i.e. the lowest available energy s ta tes  of the gas are occupied) th is  expression 
reduces to  ;
i 3no
(«•2)
whence exchange effects can be described as a unique function of the charge density . The 
significance of th is result will become clear in section 6.2.
6 .1 .1 .2 .  T h e  E x c h a n g e - C o r r e l a t i o n  H o le
When correlation effects are introduced to  the system (i.e. those beyond the 
Hartree-Fock approxim ation), electrons of an tiparallel spin around the origin o f th e  pair 
correlation function repel one another, thus fu rthe r reducing the to ta l energy o f th e  d istri­
bution. C orre la tion  between electrons, therefore, arises predom inantly as a  consequence 
of the in teraction  between electrons of opposite spin w ith its ex ten t being determ ined  by 
the long range Coulom b potential.
The effects of exchange and  correlation are usually described collectively in term s of 
th e  in teraction  between individual “ exchange-correlation holes” . T he exchange- 
correlation hole m ay be regarded as a  depression in the electron d istribu tion  caused by the 
motion of a given electron through the gas. T ogether the hole and electron c o n stitu te  a 
“ quasi-particle”  and it is th e ir m otion th a t  is independent, ra th e r than  th a t  o f individual 
electrons. Each quasi-particle necessarily carries w ith  it  a  charge of e and  in tera c ts  with 
its neighbours v ia a screened Coulom b po ten tial. T he contribution of th is in terac tion  to
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the to tal energy of an electron gas may be trea ted  as a  perturbation on the H am iltonian 
which forms th e  basis for the inclusion of exchange and  correlation efTects in band  s tru c­
ture calculations. T he following sections describe how these effects on the m om entum  dis­
tribution can be identified from a  knowledge of the electron charge density.
0 .2 .  D e n s i ty  F u n c t i o n a l  T h e o r y
Density functional theory (D FT) is an exact g round s ta te  form ulation for the tre a t­
ment of an inhom ogeneous, in teracting  electron system  of electrons. T he developm ent of 
DFT stem s from  the observation o f Hohenberg and  Kohn (1964) th a t  th e  ground s ta te  
properties of an  electron gas. which are assumed non-degenerate, are system -independent 
functionals o f the electron density. Hohenberg and  K ohn also observed th a t  th e  to ta l 
ground s ta te  energy functional. E ^ r)|, corresponds to  a minim um  for the tru e  electron 
density and  hence a variational approach can be adopted  in th e  form ulism  (i.e. in the 
sp irit of th e  self-consistent H artree m ethod). W ritin g  E[^r j| as a  sum  of the k inetic, E.*'*j|, 
and H artree energies, E |" r)| (i.e. th a t  due to  the e lectrostatic  in teraction  betw een th e  con­
duction electrons and the conduction electrons and th e  core), plus w hatever is left gives ;
where e £ £ ,| is, by definition, th e  exchange and correla tion  energy of an  in terac ting  elec­
tronic system  of density  p(r). M inim isation of E(p(r)| w ith  respect to  the charge density  
leads to  th e  self-consistent one-electron K ohn-Sham  equations (see Kohn and Sham , 1965)
(6.3)
(6 .4 )
subject to
N
p (r ) -  2  I♦!(■■)I* (••») »"6 / p ( r ) d * r = N ( 8 .6 )
Vl" r„  “  V (r) ♦  ■ (6.7)'here
- 8 5 -
V(p) is th e  predescribed external lattice  poten tial [i.e. not a functional of p(r)], the 
integral in eq. 6.7 is th e  classical H artree potential and v£j®u is the exchange and  correla­
tion poten tial. T he constraints given by equations 6.5 and  6.6 ensure the orthogonalisa­
tion of th e  one-electron functions and conserve th e  num ber of particles. T he effective 
potential corresponding to a to tal energy Elp<r,|, therefore, may be w ritten  as ;
VM .„ -  v 5 . „  *  v £ „  («.8)
and is determ ined simultaneously w ith the one-electron functions {>l>|(r)} by ite ra tio n  of 
the K ohn-Sham  equations. From th e  minim isation procedure v £ £ , |( r )  corresponds to  the 
functional derivative of the exchange energy i.e. ;
VM*H &p(p)
(6.9)
Consequently th e  exchange-correlation term  in eqns. 6.4 can be fully described from a 
knowledge of th e  to ta l exchange-correlation energy. T h e  determ ination of th is energy is 
the subject of th e  following section.
6 .2 .1 .  T h e  L o c a l  D e n s i ty  A p p r o x i m a t i o n
T he so lu tions to  the K ohn-Sham  equations are  exact in th a t  they yield th e  true 
ground s ta te  charge density and to ta l energy of th e  electron d istribu tion . T he residual 
problem w ith  D F T , however, is th a t  the to ta l exchange and correlation energy is not 
explicitly know n and  m ust therefore be approxim ated . T his model dependent quan tity  is 
the only approxim ation  made in th e  Kohn-Sham form ulism  and its applicability  is central 
to  the developm ent of DFT.
A pproxim ations to  e £ £ j| are usually m ade w ith in  the local density  approxim ation 
(LDA) such th a t  ;
eEoi - S  «."»I'M' <,10)
where e* is th e  contribu tion  of exchange and co rrela tion  to  the to ta l energy per partic le  in 
a hom ogeneous, in teracting  electron gas of constan t density  pn.
- 86 -
The LDA assum es E.**^ consists of a sum of the individual contributions, «p, over 
the spatial ex ten t of the inhomogeneous gas and determ ines each one by trea ting  th e  dis­
tribu tion  as if it  w ere locally uniform. T o calculate these contributions it  is convenient to 
param eterise the electron density such th a t  ;
where r, is the m ean electron radius (i.e. the W igner rad ius) and uniquely determ ines the 
properties of th e  homogeneous electron gas. An ana ly tic  fit to  the exchange and correla­
tion energy, observing th a t  t p assumes its m aximum value in the low density  lim it, has 
been made by G unnarson  and Lundqvist (1976). T h is fit is determ ined uniquely by r,, 
which is consisten t w ith the development of D FT, and  has been applied successfully to  a 
variety of electron distribu tions (see Lundqvist and M arch, 1983).
W ithin th e  LDA the solutions to the Kohn-Sham  equations would be exact if  applied 
to  a  uniform  electron  gas assuming th a t  «p can be deduced. In practice, therefore, the 
applicability  of th e  LDA to  real system s appears to  be confined to  distribu tions w here the 
electron density  is relatively slowly varying (i.e. those in which the range of VjJ® j| is small 
compared to  r,) . T he local approxim ation, however, has been found to  accurately 
represent electron distribu tions where p (r ) varies rap id ly  (such as over the region of an 
atom ic core). T h is can be explained w ith the observation  of Lundqvist and M arch (1983) 
who identified th e  contribution of exchange to  th e  to ta l  energy of an electronic system  to  
be, in general, dom inan t over th a t  o f correlation. Since th e  same authors also showed th a t  
the range of th e  exchange-correlation hole ca lculated v ia the LDA is sim ilar to  its true  
value, therefore, th e  exchange-correlation energy is relatively insensitive to  varia tions in 
charge density.
T he m ost im p o rtan t feature of th e  local density  approxim ation in D FT  w ith  regard 
to m om entum  density  studies is th a t  the effects o f exchange and correlation on th e  Comp­
ton profile m ay be described by a correction term  which may be simply added to  the
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results o f a  given band calculation provided th e  local potential is known.
0 .2 .2 .  T h e  L a m - P l a t z m a n  C o r r e c t i o n
T he solu tions to the Kohn-Sham  equations do not yield the true  one-electron 
w avefunctions because the m inim isation procedure in the Hohenberg-Kohn form ulation 
only form ally defines the ground s ta te  p roperties o f an electronic d istribu tion . An under­
standing  of how these “ pseudo-w avefunctions” yield the true  electron density  may be 
gleaned from  the fact th a t  there exist an infinite num ber o f basis function sets th a t 
correspond to  a  particu lar p(r). If deduction of an  accurate charge density, therefore, is 
the objec t of th e  study , any one of these basis sets will produce the desired resu lt. The 
procedure for the deduction of th e  ground s ta te  m om entum  density  from th e  Kohn-Sham  
solutions, however, is not so s tra ig h t forw ard. For non-in teracting  or in terac ting  electron 
d istribu tions in the H artree or H artree-Fock approxim ations, respectively, it  can be shown 
th a t  (see Lundqvist and M arch, 1983) ;
where Xi(p) are the Fourier transform s of th e  real space one-electron w avefunctions. By 
applica tion  of Feynm an’s theorem , Lam and  P la tzm an (1974) showed th a t  for the 
transform ed solutions to  th e  K ohn-Sham  equations, x/ ( p )» «<!• 6-12 becomes modified by 
th e  add ition  of an ex tra  term  i.e. ;
where th e  correction term  is given by th e  derivative of the to ta l exchange-correlation 
energy w ith  respect to  th e  individual electron energies arising from  correla tions between 
the s ta te s  I x / ( p )  > • In th e  LDA (i.e. eq. 6.10) th is  term  becomes ;
N(p ) =  2  I < p  lx t ( p ) >  I* (6.12)
(6.13)
-  J p (r) d r
Tor which Lam  and P latzm an proposed the following ansatz ;
J g t D A
f t tp unit c#ll
where the bracketed  term  represents the difference between the homogeneous, interacting 
and free e lectron  gas m omentum densities, defined by the local po ten tial p(r). Both 
and N ^ r j| a re  necessarily normalised to  one electron. For a one dimensional m omentum 
distribution (¡.e. the C om pton profile) eq. 6.14 reduces to  ;
aO « )  - I  p<o l ......... -  I •**'
unit call
This is the Lam -Platzm an correction term  which describes the effect o f exchange and 
correlation on th e  C om pton profile. Furtherm ore , since i t  is modelled within th e  LDA. it  
is necessarily isotropic. For C om pton profiles calculated from the se t {xi’(p)}» th is correc­
tion describes th e  ad justm ent necessary for the physical in terp retation  of th e  m omentum 
distribu tion  w ithin the LDA, provided the charge density  employed is common to  both 
term s in eq. 6.13.
T he resu lts  of the Lam -Platzm an correction when applied to  band calculations of 
several tran s itio n  m etal elements and  its  effect on the agreem ent between theory and 
experim ent are  described in the following sections. In addition th e  details o f th e  calcula­
tion are ou tlined  and the results are com pared w ith an existing a ttem p t to  include the 
effects of exchange and correlation in theore tical C om pton  profiles.
6 .3 .  C a l c u l a t i o n  o f  t h e  L a m - P l a t z m a n  C o r r e c t i o n
As ou tlined  in chapter 2, th e  effect o f exchange and correlation on the m omentum 
density is to  prom ote electrons from sta tes  w ithin the Ferm i sphere to  s ta tes  of higher 
m om entum  an d  so d is to rt the parabolic dependence o f J (p .)  on p .  which is characteristic 
of a free electron  gas. The difference between th e  correlated and free electron profiles is 
the basis of th e  exchange and correlation correction applied to  theoretical da ta  as 
described by eq. 6.15. W ithin the bounds of th e  LDA the accuracy of the Lam -Platzm an
correction is uniquely determ ined by this difference. Its influence on the form of is
described below.
0 .3 .1 .  A n a ly s i s  o f  t h e  M o m e n t u m  D e n s i ty
Accurate de term ination  of the m om entum  space occupation num bers corresponding 
to  the quasi-particle  properties of a homogeneous, in teracting  electron gas requires the 
evaluation of th e  electron self-energy as a function o f wavevector (see Lundqvist,1968). 
From  th is the single particle spectral weight function , commonly used to  describe the 
plasmon sp ec tra  o f an electron gas (see Lundqvist, 1967 a, b), can be ob ta ined  and 
integra ted  w ith respect to energy to  yield N(k). T h is  calculation is greatly  simplified by 
the assum ption o f th e  random phase approxim ation (RPA ), in which each F ourier com­
ponent of th e  effective potential can be trea ted  independently  - see Lundqvist, 1968. It is 
difficult to  identify  the ex ten t to  which two existing  calculations of th e  m om entum  den­
sity  of a hom ogeneous in teracting  electron gas agree since only graphical d a ta  is available 
in each case (see Daniel and Vosko, 1960, and Lundqvist, 1968). C om parison is further 
hindered by th e  different units, and  hence different param eters, employed to  characterise 
the electron gas in each calculation. T aking  these difficulties into account the tw o  calcu­
lations appear to  differ by up to  ~  3.5 %  a t  th e  ex trem es of N(p) (i.e. a t  p/p, -  0  and — 
1.4) although good agreem ent is observed a t  p =  pf. Bauer and Schneider (1983a), how­
ever, have po in ted  o u t th a t  the Lundqvist occupation num bers are the more re liab le of the 
tw o since those o f Daniel and Vosko are calculated only to  first order in the H am iltonian. 
Consequently only th e  results a t  p =  pr in the la t te r  calculation are used in th e  momen­
tum  density  model presented here.
6 .3 .1 .1 .  M o m e n t u m  D e n s i ty  M o d e l
An ana ly tic  fit to  the results of Lundqvist (1968) has been m ade in preference to 
in terpolating  g raphical d a ta . T he advantage of th is  m ethod over th a t  of in terpolated  data  
is th a t  th e  conduction  electron contribu tion  to  AjjJ£*| can be calculated d irec tly  for any 
value of r,. A ssum ing th a t  the electrons occupy a Ferm i distribution, Daniel and  Vosko
fuund th a t  for values of p -p , the m om entum  density  can be represented by ;
Lt
P r P
N ( l ) 1.7«, and L* N "(l) *= 1 -  1.7a 
P f P
where, in a.u . ;
(6.16)
(8.18)
The first analy tic  fit to  J ^ r)1 -  J ^ , , ,  was m ade by R ennert (1981) who also observed 
the boundary conditions imposed by eqns. 6.16. Figure 8.1(a) illu s tra tes  the results of th is  
model for r, values o f 2,4 and 6 which are inadequate for tw o  reasons. F irstly , and  m ost 
significantly, th is fit assum es erroneously th a t  N'(0) =  l  fo r all charge densities, no t 
merely in the high density  lim it, and secondly th a t  the upper bound of the d is tribu tion  is 
fixed a t  pip, ~  1.476. T h e  form er of these lim itations in troduces errors of th e  order of 0.5 
®5N(0) a t p =  0  and  p, to  the m om entum  density com pared to  th a t  ob tained  by 
Lundqvist and subsequently  the R ennert fit has been modified according to  the following 
equations ;
N(p) -  1 -  ap<p* -  6(1 -  p) for p <  pf
s . < \  -  P>*
-------------- —  for p >  pr
(6.19)
w here a ,  -  1.7«, -  ( • • » )
* w kf
bp is the upper bound o f th e  distribution, determ ined by th e  following norm alisation con­
dition  ;
- y r ?  (« 2D
6 corresponds to  N(0) (i.e. th e  deviation of th e  m om entum  density  from unity) for non­
zero values of rf and  is obtained from th e  Lundqvist d a ta .  Together a (,  , b p  ^ and  6
F ig u re  0.1 The momentum density in units of p /p r calculated for r, =  2. 4 and 6 from 
(a) the Rennert analytic fit (see Rennert et al. 1981) and (bl the modified fit 
described in the text. Ic) shows the difference (b) - (a). The dot* in (bl correspond to 
N(p| for r, *= 4 and are derived from the full self-energy calculation of Lundijvist
(1968).
completely characterise the m om entum  distribu tion  w ith the form er tw o being functionals 
of th e  charge density. T he values of , b|t , ft and pf ( - I t ,  in a.u .) for the first six integral 
values of r, expressed as a ratio  to  the first Bohr o rb it (i.e. 0.53 a.u .) are presented in tab le
6.1. T he corresponding m om entum  densities for r, “  2, 4 and 6 are plotted in figure 
6.1(b). T he dots represent the Lundqvist d a ta  for r, =  4 and are in good agreem ent with 
the modelled d istribu tion . Figure 6.1(c) shows th e  difference between the m omentum den­
sities derived from the present model and those calculated by R ennert for r, values of 2,4, 
and 6. From this d a ta  it  is ap p a ren t th a t  the Rennert fit overestim ates N(p) by up to  9%  
a t  th e  origin (i.e. for r, = 6) which is clearly unrepresenta tive of the Lundqvist occupation 
numbers.
T he inpu t d a ta  for the Lam -Platzm an correction was ob tained  by sub trac ting  the 
free electron C om pton profile from th a t  derived from eqns. 6.19 (i.e. according to  eq. 2.8). 
Since both the in teracting  and free electron C om pton profiles were normalised to  unity  
the resulting difference d a ta  had zero area in all calculations.
6 .3 .1 .2 .  I n p u t  P a r a m e t e r s
The in p u t param eters required to  calculate the L am -Platzm an correction for a  real 
m etal are ;
(a) Nlnl, the num ber of in te rs titia l electrons per atom
(b) Rm t, the radius of the muffin-tin potential
(c) &0, th e  lattice param eter,
all o f which are taken  from th e  tab u la te d  d a ta  of M oruzzi, Ja n a k  and W illiams (1978). 
For cubic s truc tu res  the volume occupied by the conduction electrons per unit cell, Vin„  is 
deduced from a0. T he conduction electron density  is then given by ;
NlM
P0 ■ ------  with kf = (3ir p0) (6.22)
^int
is obtained by rearranging eq. 6.11.
r. r,
(».«*.)
Pr
(*•«•)
5 b„
(p'Pr)
1.0 0.53 1.9192 0.0280 0.0110 1.5128
2.0 1.06 0.9596 0.0560 0.0220 1.5128
3.0 1.59 0.6397 0.0839 0.0390 1.5194
4.0 2.12 0.4798 0.1119 0.0560 1.5227
5.0 2.85 0.3838 0.1399 0.0720 1.5240
6.0 3.18 0.3199 0.1679 0.0864 1.5240
T a b le  8.1  C haracteristic  p aram eters of the m om entum  density  for vary ing  am ounts of 
correlation, r,, calculated analy tically  with th e  d e lta  approxim ation. T he point a t 
which the d istribu tion  in tersects th e  p, axis, b,, , is dependent on th e  degree of corre­
la tion  and is predom inantly  g rea ter than  th a t  ca lculated by R ennert (1981) which is
fixed a t  1.4760.
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T o calculate the contribution to  from the core electrons the local charge den­
sity  within the muffin-tin sphere (assumed spherically sym m etric) is required. Again this is 
taken from Moruzzi et al and is illu stra ted  in figure 6.2 for six m etal elem ents. Since both 
core and conduction electron densities are deduced from the D FT calcu lation  o f Moruzzi 
e t al, the to ta l integra ted  charge d istribu tion  is necessarily equal to  the atom ic num ber of 
the respective elem ent.
6 .3 .1 .3 . T h e  L a m - P la tz m a n  A lg o r ith m
The algorithm  for calculating th e  Lam -Platzm an correction is show n in figure 6.3 
and was executed on an IBM 370 m ainfram e com puter. From th is figure i t  can be seen 
th a t  the core and  conduction electron contribu tions to  A J .^ *  are ca lcu lated  indepen­
dently  of one ano ther and then  superim posed to  form a com posite correction.
T o simplify th e  calculation over th e  muffin-tin region, the contribu tion  to  th e  correc­
tion from each point fir in the core charge density is ob tained  by in terpo la ting  between 
r “ *“ and 0 (i.e. th e  free electron lim it). Hence the input j£ (r )|(q) -  J'fp(r )|(«l) appropria te  to 
the core electron d is tribu tion  has to  be calculated for the radial point o f least density  (i.e. 
a t  which the effects of exchange and correlation are the m ost significant). T he determ ina­
tion of r “ “ , therefore, form s the basis of th e  core contribu tion  to
T he conduction electron con tribu tion  to  the Lam -Platzm an correction is somewhat 
simpler to calcu late since the in ters titia l charge density  is assumed co n s tan t. Conse­
quently the in p u t for the difference profile does no t vary  w ith r  and can be deduced for 
the exact conduction electron charge density , p0.
For each calculation of the L am -Platzm an term , therefore, tw o in p u t files for 
J|*p<e)| — J|fp(,)| are required, along w ith  th e  inpu t param eters described in section 6.3.1.2 
and the local charge density . The a rea  of the to ta l correction is necessarily zero and is 
checked to  ensure th a t  the calculation has been perform ed correctly.
In to ta l tw o program s are used to  calculate Aj££*j, each greater th a n  500 lines in 
length. T he first prepares the inpu t files, J |^ r )| -  f° r t *ie core and  conduction
F ig u r e  8 .2  The (local) radial charge densities of (a) G a, Ni and V and (b) Al, C r and Fe 
as tabulated  by Vloruzzi et al (1978).
CONDUCTION
F ig u r e  6 .3  T he algorithm  for ca lcu lating  th e  L am -Platzm an correction. T he sym bols are
defined in the text.
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electron regions and  th e  second perform s th e  integration defined by eq. 8.15. T he results 
of this calculation fo r th ree transition m etal elements are presented in the following sec­
tions.
8 .4 . R e su lts  a n d  D iscu ssio n
8 .4 .1 . F o rm  o f  C o r re c t io n
The inpu t param eters  for the L am -Platzm an correction of Al, V, C r, Fe, Ni and 
Ni,Gm are given in ta b le  6.2. The results of th e  calculations based on these d a ta  are listed 
in tab le 6.3. T he form  of the correction in each case consists of a negative region in the 
vicinity of the orig in , a sharp peak a t  approxim ately the Ferm i m om entum  of the conduc­
tion electron gas and  a high m omentum tail. It can be seen from figure 4.4. which com­
pares the in p u t profile difference w ith th e  Lam -Platzm an correction for alum inium , th a t 
the shape of is sim ilar to J;^r j| — J|fp(,)| but is o f greater m agnitude a t  all points of
the d istribu tion . T h is  is because th e  in p u t difference is norm alised to  one electron and 
becomes magnified when integrated over the un it cell. T he high m om entum  ta il is 
exclusively a  fe a tu re  of th e  core electron d is tribu tion  and arises as a  consequence of the 
large Fermi m om entum  associated w ith  th e  charge density a t  low r.
Since th e  L am -P latzm an  correction is the sum of the core and conduction electron 
contributions, it  is difficult to  identify a  general trend  in the above features by reference 
to  a specific inpu t param eter. It is ap p a ren t, however, th a t  the m agnitude o f a t  the
origin is inversely p roportional to  th e  average charge density o f the core. F o r m etals such 
as alum inium  and  gallium , therefore, w here the core charge density  a t  high r  is relatively 
low (see figure 6.2), th e  resu ltan t correction exhibits a  large dip a t  the origin which is con­
sisten t w ith the assum ption  of high exchange and correlation effects w ith  low electron 
densities.
The conduction  electron con tribu tion  to  varies typically  from — 25 %  a t  the
origin to  ~  40 %  a t  p =  pf. This is because a unique Ferm i m om entum  is associated with 
th e  conduction electron  gas (of assum ed constan t charge density) which gives rise to  a
Subject Z S tru ctu re »0
(a.u.)
rt
(s.u .)
Pr
(••«•)
In terstitial 
Electrons 
per atom
Muffin
Tin
Radius
l»-u .|
Aluminium 13 f.c.c. 7.60 2.11 0.9063 0.716 2.687
Vanadium 23 b.c.c. 5.54 1.80 1.0610 1.106 1.959
Chrom ium 24 b.c.c. 5.30 1.71 1.1214 1.134 1.874
Iron 26 b.c.c. 4.15 1.71 1.1227 1.044 1.821
Nickel 28 f.c.c. 6.55 1.83 1.0511 0.715 2.316
Gallium 31 f.c.c. 7.83 2.28 0.8434 0.631 2.768
Ni,G  a 115 f.c.c. 7.1« 2.02 0.9480 0.694 2.542
T a b le  6 .2  Input param eters fo r th e  Lam -Platzm an correction for th e  elem ents and com ­
pound shown.
p,
(a.u.)
Al V Cr Fe Ni G a Ni3G a
0.0 -0.098 -0.084 -0.07 4 -0.070 -0.075 -0.128 -0.098
0.1 -0.098 -0.081 -0.074 -0.070 -0.075 -0.127 -0.097
0.2 -0.096 -0.083 -0.073 -0.069 -0.074 -0.125 -0.096
0.3 -0.091 -0.081 -0.071 -0.068 -0.072 -0.119 -0.092
0.1 -0.083 -0.077 -0.069 -0.065 -0.069 -0.110 -0.088
0.5 -0.069 -0.071 -0.06 1 -0.061 -0.065 -0.093 -0.079
0.6 -0.017 -0.062 -0.058 -0.056 -0.057 -0.065 -0.066
0.7 -0.013 -0.048 -0.048 -0.047 -0.046 -0.023 -0.045
0.8 0.038 -0.029 -0.034 -0.035 -0.0 31 0.039 -0.016
0.9 0.110 -0.001 -0.015 -0.017 -0.0 09 0.086 0.026
1.0 0.111 0.037 0.012 0.006 0.020 0.067 0.042
1.1 0.060 0.067 0.016 0.047 0.043 0.032 0.040
1.2 0.025 0.048 0.053 0.046 0.037 0.017 0.030
1.3 0.006 0.030 0.038 0.034 0.021 0.010 0.019
1.1 0.002 0.018 0.024 0.022 0.015 0.006 0.013
1.5 0.001 0.011 0.015 0.014 0.009 0.003 0.008
1.6 0.000 0.009 0.010 0.009 0.006 0.002 0.006
1.8 0.001 0.008 0.008 0.006 0.005 0.001 0.004
2.0 0.001 0.009 0.007 0.006 0.005 0.002 0.001
2.5 0.003 0.011 0.009 0.007 0.005 0.003 0.005
3.0 0.004 0.012 0.010 0.008 0.006 0.004 0.006
3.5 0.004 0.011 0.010 0.009 0.007 0.006 0.008
4.0 0.001 0.007 0.009 0.008 0.008 0.007 0.008
5.0 0.004 0.002 0.003 0.006 0.007 0.008 0.008
6.0 0.003 0.001 0.001 0.002 0.004 0.007 0.005
7.0 0.001 0.001 0.001 0.001 0.001 0.004 0.002
10.0 0.000 0.001 0.001 0.001 0.001 0.001 0.001
T a b le  6.3 T he unconvoluted L am -PlaU m an correction fo r alum inium, vanadium , 
chromium, iron, nickel and gallium . N ijG a is the subject o f  a  curren t investigation, 
hence its  inclusion in this table.
s tro n g  positive peak a t  p ~  pf. The core charge density , on the o ther hand, varies over the 
m uffin-tin region w ith successive points in r  space corresponding to  different values of 
Ferm i m om enta. T he la tte r contribution to the com posite correction, therefore, is a 
broad , positive peak in the vicinity of pr. In essence th e  high and low m om entum  features 
o f th e  L am -Platzm an correction are dom inated by th e  core charge density w hereas the 
in term ed ia te form  of is determ ined to  a g re a te r ex ten t by the d istribu tion  of the
conduction electrons.
0 .4 .2 . C o m p a r is o n  w ith  P re v io u s  C a lc u la tio n s
T he application of the Lam -Platzm an correction to  the results of D FT calculations 
(i.e. by the add ition  of to  th e  theoretical C om pton  profile) always resu lts in a  shift
o f electron density  from low to  high mom enta. T he e x te n t of th is sh ift reflects th e  degree 
to  which the core and conduction electrons are correlated. In addition to  th e  results 
presented here, th is  has also been observed in a  s tu d y  of copper by Bauer and Schneider 
(1983b) and in a  study  of nickel by Rollason e t al (1987) which used a program  w ritten  by 
B auer to  calcu late AjjjjJ^.
These ea rlie r calculations of th e  L am -Platzm an term  are less accura te th an  the 
resu lts  presented here. T his is because the au thors ca lcu lated  th e  correction te rm  from a 
single input for j£ (r )| ~  Jv<r )j corresponding to the L undqvist occupation num bers for r, = 
2. Subsequent in terpolation  of th is d a ta  for 2 <  r, <  0  over both the core and  conduction 
e lectron  regions introduces discrepancies to  the ca lculation. Consequently a difference of 
~  0.3 % J(0) a t  the origin and -  0.2 % J(0) a t  p — 1 a.u . for the nickel correction is 
observed betw een the present Lam -Platzm an correc tion  and th a t  derived by Rollason et 
al. A t the o th e r points in however, good agreem ent is observed between the two
calculations.
T he earlier calculation is fu rth e r limited to  charge densities characterised by values 
of r, less th an  2. B auer's program , for example, could  no t be used to  calcu late the Lam- 
P la tzm an correc tions of alum inium , gallium or Ni3G a presented in tab le 6.3 w ith o u t extra­
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polation of th e  input d a ta  over bo th  core and conduction electron regions. In general, 
therefore, the cu rren t work extends th a t  of Bauer and co workers to  enab le Aj££*| to be 
calculated for all metallic solids.
0 .4 .3 . C o r re c te d  D a ta se ts
Figure 6.4 shows the difference between theory and experim ent for th e  nearest neigh­
bour directional Compton profiles of (a) iron (see Rollason e t  al, 1983,a), (b) vanadium  
(see Rollason e t  al, 1983,b) and nickel (see Rollason e t  al, 1987). T he appropria te  Lam- 
Platzman correction convoluted w ith  a  Gaussian of FWHM 0.4 a.u . and  w ith a change of 
sign is denoted in each case by th e  solid line. The d a ta  are presented in  th is way for ease 
of com parison and should be su b trac ted  from the difference curves. As w ith alum inium  
(see figure 4.9), the correction has n o t been directly applied since the poten tial employed 
in its construction  is not identical to  th a t  used in either band ca lcu lation . D espite the 
recurrent problem  of a deficiency in electron density, application of to  the APW
calculation for iron (see Wakoh and  Kubo, 1977) and vanadium  (see W akoh e t al, 1976) 
results in im proved agreement betw een theory and experim ent. T his is consisten t with the 
observations m ade for alum inium  and  chromium described in ch ap ters  4 and 5, respec­
tively.
A lthough application of th e  correction to  the LCAO calculation fo r iron (see R ath  e t 
al, 1973) for som e unknown reason reduces the agreem ent between theo ry  and experim ent, 
a significant improvem ent is observed for the LCAO profiles of vanadium  (see Laurent, 
Wang and C allaw ay, 1978) and nickel (see W ang and Callaw ay, 1975). It may be con­
cluded, therefore, th a t  the LCAO and  APW  band calculations consisten tly  underestim ate 
the degree o f exchange and correla tion  present in metals. A lthough th is  discrepancy may 
be partially  resolved for m om entum  values in the first Brillouin zone (i.e. 0 <  p , <  1 a.u .) 
by applica tion  of the Lam -Platzm an correction, the difference d a ta se ts  of C r, Fe, Ni and 
V still exh ib it residual oscillations a t  high mom enta afte r h as  been added to  the
theoretical C om pton  profiles. T hese oscillations cannot be a ttr ib u te d  to  the assum ption of
¿ J
ig u re  6 .4  Theory - experim ent for the nearest, neighbour C om pton profiles of (a) iron  
(see Rollason et al. 1983. a), (b) vanadium (see Rollason e t al. 1983. b) and nickel 
(see Rollason et al. 1987). In each case the so lid  and open circles do ts correspond to  
the resu lts  of APW  and I.C'AO calculations, respectively. T he solid line represents 
the Lam -Platzm an correction convoluted w ith  a  G aussian of FW HM  0.4 a.u. and
should he subtracted from th e  difference d ata .
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the wrong lattice p o ten tia l in the respective band calculations since any  change in V**'(r) 
would only influence Uk (r )  in the Bloch rep resenta tion  given by eq. 2.24. This would 
merely redistribute th e  electrons between the occupied Ferm i spheres ra th e r than  transfer 
electron density to  th e  in ters titia l region as would be required to  observe com plete agree­
ment between theory  and experiment. A m ethod of describing th e  high momentum 
behaviour of the exchange and correlation correction is discussed below.
6 .4 .4 . D ire c tio n a l C o n s id e ra t io n s
T he failure of th e  LDA to describe th e  high m om entum  oscillations present in the 
transition  m etal difference profiles is a consequence of the assum ption o f a homogeneous 
electron d istribu tion  a t  each point in the charge density  (see Eisenberger, Lam. P latzm an 
and Schm idt, 1972). S ince the lattice poten tial effectively prom otes electrons from the 
main Ferm i surface to  those of higher order ou tside the first Brillouin zone (see section 
2.5.3), the effects o f exchange and correlation m ust be represented in the input to  the 
Lam -Platzm an correc tion  for all secondary Ferm i d istribu tions in add ition  to  th a t local­
ised a t  the origin of m om entum  space. By in troducing  th e  effects of inhom ogeneities in the 
conduction electron profile, therefore, A J ^ * | becomes dependent on th e  reciprocal plane 
spacing normal to th e  direc tion  of interest and has to  be calculated independently  for each 
directional profile. In b an d  calculations th is is fa r  from trivial since th e  lattice effects have 
to  be incorporated, in som e way, in the exchange-correlation po ten tia l. It is possible, how­
ever, to  investigate th e  effects of band s tru c tu re  on th e  conduction electron contribution 
to the correction in a  qu alita tiv e  way.
Figure 6.5(a) show s the inhomogeneous electron gas profile (solid line) taking the 
secondary Fermi d is tr ib u tio n s  into account for r, = 2 along a general reciprocal lattice 
vector [hkl] (the C o m p to n  profiles corresponding to  th e  homogeneous, free electron gas a t 
each reciprocal la ttic e  poin t are denoted by th e  dashed lines). T he separation  between 
consecutive m axim a, d , is given by ;
•o '
(h* *  k* -  I*)*
(8.23)
F ig u re  8 .5  (a) Free (dashed lines) and  interacting (solid lines) electron gas C om pton 
profiles calculated for r, =  2 an d  (b) the exchange and  correlation correction 
obtained from the difference betw een the curves given in (a). T he secondary Fermi
surfaces are indicated by the v ertical dashed lines.
where a0 ' is th e  reciprocal lattice param eter | «  —  j .  T he weighting o f each secondary
distribution is given by the square of the appropriate Fourier coefficient, aa (k ), as defined 
by eq. 2.25 which describes the ex ten t to  which the la ttice  potential sm ears o u t th e  
momentum density . The d a ta  shown in figure 6.5(a) assum es Fourier coefficients of 0.85. 
0.10 and 0.05 for the first three Fermi surfaces. Since the in teg ra l of J (p .)  over the whole 
of momentum space is conserved, the Compton profile corresponding to  the main Ferm i 
distribution is reduced in m agnitude with density  being transferred  to  th e  higher order 
states.
For the case of alum inium, where the higher order surfaces account for ~  10 %  of 
the to tal conduction electron density (see M ader e t al, 1976), the sh ift in density to  th e  
higher order s ta tes  corresponds to  a decrease in of ~  0.002 a.u. per electron a t  th e
origin [i.e. ~  0.05 %J(0)]. Since this is an order of m agnitude less than  experim ental e rro r, 
then the inclusion of band structu re effects does not significantly  a lte r the agreem ent 
between theory and experim ent in the first Brillouin zone. T h is  observation is tru e  for all 
the theoretical profiles presented here.
When m ultiplied by th e  charge density and in teg ra ted  over all r ,  in th e  sp irit o f th e  
Lam -Platzm an correction, the exchange-correlation correction for the conduction electron  
gas consists o f a  superposition of identical functions, each displaced from its  neighbour by 
d a.u. and w eighted according to  its  Fourier coefficient. T h e  characteristic  form of th e  
resultant anisotropic correction calculated from an inpu t given by th e  difference betw een 
the solid and dashed curves in figure 6.5(a) is illu stra ted  in figure 6.5(b). T his correction 
has been calculated for a b.c.c. lattice with the lattice param ete r of chrom ium  and should 
be added to  an  (isotropic) core contribution before app lica tion  to  th e  results of D F T . 
When th is superposition is made the first negative peak in  th e  com posite lineshape will be 
typically 4 tim es larger th an  th a t  shown in figure 6.5(b) since th e  la tte r con tribu tion  dom ­
inates a t low m om enta (see section 8.4.1). Furtherm ore , since th e  core electrons only con­
tribu te to  th e  correction in the first Brillouin zone (i.e. th e  m om entum  density  of th e  core
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is independent o f  lattice effects), th e  resultant correction will be m ost significant in the 
vicinity of th e  o rig in . This is observed in the transition  m etal difference profiles given in 
figures 5.5 and  6.4 .
T he form  o f  A jJ J J fM shown in figure 6.5(b) is characteristic of th e  co n tribu tion  of 
exchange and co rrela tion  to the C om pton profile. S tric tly  speaking, however, i t  does not 
represent the L am -Platzm an correction for a conduction electron gas characterised  by 
r, -  2 since i t  does not satisfy eq. 6.14. It m ust be em phasised, therefore, th a t  although 
the trea tm e n t o f  exchange and correlation effects in th is way yields a more representa tive 
theoretical C o m p to n  profile, it only provides a qualitative description of th e  high order 
oscillations in t h e  theory - experim ent difference d a ta  in th e  absence of an  ac cu ra te  model 
for N(p).
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C H A P T E R  7
T H E  M A G N E T I C  C O M P T O N  P R O F I L E S  O F
I R O N  A N D  N I C K E L
7 .1 .  I n t r o d u c t i o n
T he study  o f m om entum  density  in chapters 1 to  5 involved m easurem ent of the ine­
lastic sca tte ring  cross-section of unpolarised photons by electrons. It was outlined in sec­
tion  1.4.1, however, th a t  in the differential cross-section there is a term which depends on 
the coupling between circularly polarised radiation and unpaired electrons (eq. 1.30) so 
th a t  the to ta l double differential cross-section for right-hand polarised rad ia tion  can be 
w ritten  as ;
for electrons w ith  spin aligned parallel (+ )  and antiparallel (-) to  the photon beam. Conse­
quently  the modified cross-section enables the inelastically scattered in tensity  from elec­
tro n s  w ith aligned, unpaired spins, such as those present in ferrom agnets, to  be isolated 
from  th e  to ta l cross-section. T h is is achieved by subtracting ou t the much larger non­
m agnetic sca tte ring  contribu tion  in a  difference experim ent from which the spin- 
dependent, or m agnetic, C om pton profile. Jm. g(p .) , may be obtained. J m»g(p .)  is defined 
in term s of the m om entum  densities for electrons aligned parallel (spin-up) and an tiparal­
lel (spin-dow n) to  th e  sam ple m agnetic field such th a t  ;
3
[ 4ÜÜJ, I
( 1  +  cos*e)J(p.) ± -cos0(co»e -  1) j m. g(p .)  (7.1) 
l m0e Jm0c
(7.2)
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where n ^ p ) is the m om entum  density of the i,h occupied band. J mag(p ,)i therefore, may 
be ex trac ted  from the difference spectrum  via the following equation  ;
d V  f d*<r 1 f d*<T 1
duidlt I dujdll l up l  d w d ll *dOW„
a a
-  I 2Pe<r.(k|Cos0 * k f ) J mM(p .)  (7.3)
'  n»0c >
where th e  degree of circular polarisation, Pc, is +1 for left-handed  polarised photons and 
-1 for righ t-hand polarised photons, a  is the electron spin vector. It is apparent from eq.
7.1 th a t  th e  ratio  of the m agnetic to  the non-m agnetic cross-sections is proportional to  the 
incident photon energy and has a  strong dependence on sca tte rin g  angle, as illustra ted  by 
figure 1.4 (a). To accurately determ ine the magnetic C om pton  profile, therefore, the 
source of circularly polarised radiation should be of high energy and intensity and should
dir,
be o rien ted  a t  ~  180° to  the detector (for which -----  assum es i ts  maximum value).
<K
7 .1 .1 .  O r i g i n  o f  t h e  M a g n e t i c  C o m p t o n  P r o f i le
T he spherically averaged m agnetic C om pton profiles of (a) iron and (b) nickel are 
described by the solid lines in figure 7.1. These profiles were ca lculated by the APW  (see 
W akoh an d  Kubo, 1977) and O PW  (see Rennert, C arl and H ergert, 1983) m ethods respec­
tively an d  represent th e  only theoretical spin-dependent m om entum  densities curren tly  
available. Both exhibit more s tru c tu re  th an  the to ta l profile because of the major cancella­
tion of th e  spin-paired contributions. T he individual s, s  +  p and s /p  hybrid m agnetic 
profiles are  indicated by the dashed, do tted  and d a sh /d o tte d  lines in this figure, respec­
tively. T h e  origin of these individual contributions, which superimpose to  produce a 
characteristic  “ volcano” structu re , can be understood by considering the mechanism of 
the ferrom agnetic interaction.
Ferrom agnetic behaviour arises as a consequence of th e  exchange interaction between
F i g u r e  7 .1  The partial con tribu tions to  the m agnetic C om pton  profiles of (a) iron (see 
VVakoh and Kubo, 1977) and  (b) nickel (see Rennert et al. 19831 from th e  3d (dashed 
lines), core (dotted lines) and  s /p  hybrid electrons (do t/dashed  lines). In b o th  cases 
th e  to ta l  d istribution is indicated by the solid curve.
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electron spins on neighbouring a to m s (see section 8.1.1.1) for tem peratures below the 
C urie poin t which splits the spin up and  spin down hybrid s ta tes  according to  th e  degree 
of overlap between the individual electron wavefunctions. If the exchange field is 
sufficiently strong to  lift one spin sub-band above the Ferm i energy (conventionally 
described as the spin up band) then  th e  electron d istribu tion  will exhibit a  n e t m agnetic 
m om ent per atom  due to  the incom plete occupancy of s ta te s  within th a t band. Since the 
m ajo rity  of the conduction electrons in transition m etal elements populate th e  d orb itals 
then  th e ir contribution to  the m agnetic Compton profile is th e  m ost significant. T he nega­
tive polarisation associated with th e  s /p  hybrid m agnetic m om entum  distribu tion  around 
th e  origin arises because the d band “ pushes” th e  s and p electron energy s ta tes  outside 
th e  occupied region (see W akoh and  Y am ashita, 1966). As a  result their con tribu tion  to 
the to ta l polarisation is determ ined by the num ber of electrons above the Ferm i energy in 
the m inority , o r least occupied, band  (i.e. spin up) ra th e r th an  their population below Er 
as is th e  case for th e  d band electrons. In real space th is negative polarisation is manifest 
as a  negative m agnetisation density in  the in terstitia l regions.
In general th e  contribution o f o rb ita l electron m otion to  the net m agnetisation of a 
ferrom agnet is described by the spectroscopic sp litting  factor, g ( ~  2.0023 for a  free elec­
tron). For the 3d transition  metal elem ents, however, g lies close to  the free electron value 
(i.e. g — 2.1 for iron and ~  2.2 fo r nickel) whence the core contribution to  J m.,(q ) is 
“ quenched” (see Blakemore, 1974). Evidence th a t  the effect of orb ital electronic m otion is 
more significant in nickel (i.e. where quenching is reduced) th a n  it is in iron is given by the 
larger area  of th e  core contribu tion  to  the magnetic C om pton  profile in figure 7.1(b) (dot­
ted  line). In th is case the dip a t  th e  origin is less charac teristic  of the negative spin polari­
sation  contribu tion  to  the to ta l m agnetisation. T he ex te n t o f J mm,(q) for a  given ferrom ag­
net is determ ined largely by the s tren g th  of the exchange field between the neighbouring 
unpaired d electrons.
T h e  contribution of the spin polarised electrons to  th e  to ta l Compton profile is ~  
8%  for iron and — 2%  for nickel. T h e  magnetic C om pton  profile, therefore, accounts for
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significantly more m om entum  density than  do anisotropic effects in non-m agnetic studies 
(typically ~  I % J(0) in magnitude) and should be easier to  detect. Up until th e  present 
tim e practical spin dependent studies have been limited in the absence of a  su itab le high 
in tensity  radiation source. The adven t of the D aresbury synchrotron rad ia tion  source 
(SRS), however, now facilitates m agnetic Compton profile m easurem ents for th e  first time 
using circularly polarised radiation.
7 .2 .  C i r c u l a r l y  P o l a r i s e d  S y n c h r o t r o n  R a d i a t i o n .
Synchrotron rad ia tion  is produced by accelerating electrons (and positrons) in a  cir­
cu lar o rb it defined by a  series of dipole bending m agnets located suitably around a  current 
storage ring (see Koch, 1983, for a  complete technical review). T o  obtain high photon 
energies the motion of th e  electrons m ust be relativistic (i.e. with energies of ~  2 GeV) in 
which case the angular d istribu tion  of the em itted in tensity  is d istorted in to  a  narrow 
cone in the direction tangential to  the electron o rb ita l plane. Consequently th e  em itted 
spectrum  is strongly Doppler sh ifted  and extends typically  from the m icrowave region 
(X -  10“® m) to the hard  X-ray region (X — 10_ ,° m) depending on the m achine dimen­
sions and the harmonics of the electron revolution frequency.
The radiation em itted  by an electron in the plane of its  o rb it is 100 %  linearly  polar­
ised with the electric vector, E,|, parallel to  the orb ital plane. Above and below th is  plane, 
however, there exists a  com ponent of the polarisation w ith  the E  vector perpendicular to 
th e  photon w avevector. In general Ej_ is ou t of phase w ith th a t  parallel to  th e  orbital 
plane. When viewed aw ay from the orb ital axis, therefore, synchrotron rad ia tion  is 
characterised by both  components of the polarisation. Complete circular po larisa tion  is 
only observed between tw o interfering photons if th e ir electric vectors are of equal magni­
tu d e  (i.e. | B|| I =  I E_J )and they are in quadrature (90° o u t of phase). In general, therefore, 
synchrotron rad ia tion  is elliptically polarised w ith th e  degree of circular polarisation 
dependent on th e  az im uthal angle, >J>, and the wavelength of the em itted  photon, X, i.e. ;
g(UJ*
(7 .4)
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where I , and 1^  are th e  respective intensities parallel and perpendicular to  th e  orbital 
plane (for the explicit dependence of Pc on A and K see eq. 7 of Koch). C onsequently as the 
scattering angle is varied the degree of linear polarisation reduces from 100 %  (fo r «1» =  0) 
to 0 when the conditions for com plete circular polarisation are met (determ ined primarily 
by the electron energy). The hand of the elliptic polarisation depends on th e  direction of 
curvature of the electron beam, which is defined by the dipole bending m agne ts, and on 
the position of th e  observer with respect to  the orb ital plane.
In addition to  th e  radiation produced by electrons with circular tra jec to ries  in bend­
ing m agnets, it  is possible to  enhance th e  brightness of the em itted in tensity  a t  higher 
photon energies by incorporating o ther m agnetic structu res in the synchro tron  design. 
The most com m on of these devices is th e  so called wiggler magnet which m ay be inserted 
into a s tra ig h t section of the storage ring. Essentially a wiggler forces the electron beam 
to  execute a  tra jec to ry  with a smaller local radius of curvature than in the d ipole bending 
m agnets by using a larger local m agnetic field. T he 3 pole superconducting wiggler mag­
net incorporated in th e  D aresbury SRS, where the present study was conducted , is illus­
tra ted  schem atically in figure 7.2(a). T he subsequent horizontal “ wiggle” in th e  electron 
trajectory  is achieved by poling the central magnet in th e  opposite direction to  those up 
and dow nstream  of th e  circulating electron beam. Since the individual poles are  all o f the 
sam e length bu t w ith  the outer pair having half the num ber of tu rns of the ce n tre  magnet, 
the to tal field applied to  the electrons is zero whence no net deflection o f th e  beam is 
observed. T he to ta l in tensity  em itted tangentia lly  to  the direction of m otion comes from 
two sources. T he centre dipole produces rad ia tion  of higher intensity due to  i ts  larger field 
(5T) com pared w ith the end poles whose contribution is substantially reduced - see Hol­
land (1986) for the relative intensity  distribu tion .
T he sp ec tra  o f synchrotron rad ia tion  generated by a  2 GeV electron beam  passing 
through (i) a  dipole bending m agnet (B = 1 .2  T ) and (ii) the wiggler installed a t  the Dares­
bury SRS are show n in figure 7.2(b). T he critical wavelengths of these sp ec tra  (i.e. those 
corresponding to  a  m axim um  in the d istribu tion) are 3.88 A (3.2 keV) an d  0.93 A (13.3
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F ig u r e  7 .2  (a) Schematic illustra tion  of th e  3 pole. 5 T  (Xe — 0.93 A ) wiggler m agnet as 
viewed from above installed in the SRS a t Daresbury and (b) the intensity per mrad 
per second produced by this m agnet compared w ith th a t  obtained from a  1.2 T  (Xc 
=  3.88 A ) dipole bending magnet (see Holland, 1986).
- 104 -
keV) respectively whence the effect of the wiggler is to sh ift the entire em itted  spectrum  
by ~  3 A. This represents a substantial gain in brightness in the hard X-ray region ( \  <  1
A ) .
Figure 7.3(a) shows I, and L_ a t  em itted photon wavelengths between 0.1 A and 0.5 
A for the Daresbury wiggler magnet (see Holt and Cooper, 1983). The varia tion  in the 
degree of circular polarisation, Pe, and linear polarisation, P,, with asim uthal angle 
corresponding to these curves a t 0.1 A (solid lines) and 0.2 A (dashed lines) is shown in 
figure 7.3(b). The cu t off in the 0.1 A curve in the la tte r represents the lim it o f useful 
intensity . From these figures it is clear th a t an appreciable degree of circular polarisation 
(e.g. Pe >  0.8) can only be obtained a t  the expense of a d ram atic decrease in the intensity  
of the beam as the angle of view moves out of the orb ital plane. Subsequent experim ents, 
therefore, are performed optimally as far off the beam axis as possible w ithout too  g reat a 
loss in measured intensity .
7 .3 .  P r e v io u s  R e s e a r c h
The first measurem ent of the magnetic Compton profile of iron was made one decade 
ago using nuclear orientation in cooled STCo to  achieve an  appreciable degree of circular 
polarisation (see Sakai and Ono, 1977). The circularly polarised intensity of th e  122 keV 
rad ia tion  em itted by th is source, however, is only 10 mCi due to  the upper in tensity  limit 
imposed by self-heating effects in the isotope material which effectively prevented cooling 
below ~  50 mK. In this experim ent only ~  4 x 104 counts were accum ulated in the 
difference profile in a  measurem ent time of ~  140 hours from a 1 cm thick iron sample 
and  a scattering angle of 138°. A dip a t the origin of approxim ately three tim es th a t 
predicted by the APW  calculation in figure 7.1(a) (i.e. — 50 %  of the m agnetic profile 
peak height - see W akoh and Kubo, 1977) was apparent in the d a ta  although th e  s ta tis ti­
cal accuracy of the difference spectrum  was not sufficient to  establish its significance.
A more recent experim ent by a method similar to  th a t  described above has been per­
formed by Sakai, T erashim a and Sekizawa (1984) in which nuclear orien tation  in the iso-
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tope l9lIr provided the circularly  polarised radiation (129 keV). Since the l8 ,lr nuclei can 
be aligned sufficiently a t  100 mK to  produce a  higher degree of circular polarisation than 
the S7Co isotope employed in th e  in itia l experim ent (Pe — 0.8 com pared with — 0.3), then 
the source self-heating is fa r less severe. As a result an em itted  in tensity  of 40 mCi was 
achieved in this second study . For a  scattering angle of ~  145° and a l cm thick iron sam ­
ple, an exposure tim e of 16-3 hours produced ~  6.4 x 10s counts in the magnetic C om pton 
profile which represents an  im provem ent by an order of m agnitude in the s ta tis tic a l accu­
racy obtained in the cobalt experim ent. Corrections for the low energy resolution function 
tail (see section 3.3.2.2), d e tec to r efficiency and sam ple absorption were made to  the 
difference d a ta  in both s tudies a lthough no account of m ultiple scattering was taken  in 
either. The resolution FW HM  a t  the Compton peak due to  detector and geom etrical 
effects in the later experim ent w as 1.05 a.u. Again evidence of a  dip a t the origin of 
m omentum space was ap p a ren t in th e  experim ental m agnetic C om pton profile which was 
in good agreem ent w ith th e  A PW  resu lt within sta tis tica l error.
T he nature of the A PW  b an d  calculation of W akoh and Kubo (1977) is very sim ilar 
to  th a t  employed for chrom ium  (outlined  in section 5.2.2) w ith  th e  exception th a t  a  spin 
dependent Xn potential was used (i.e. the effects of exchange on the spin d is tribu tion  were 
described). T he [111], [HO] and [100] magnetic C om pton profiles of iron were obtained  for 
the band electrons by sum m ing over the m om entum  space wavefunctions evaluated a t 55 
k-points in l/48th of th e  B rillouin zone for each spin sta te . T he individual band profiles 
were preserved for ease of in te rp re ta tio n  and were com pared w ith a  spherical average of 
•U p.) -  -U p.) as illu stra ted  in figure 7.1(a). T his calculation was performed for a net 
m agnetisation of 2.2 Bohr m agnetons per atom .
The band calculation of R ennert e t al (1983) em ployed Bloch functions constructed 
from atom ic d orb itals (LCAO ) an d  four orthogonal plane waves (O PW ’s) to  deduce the 
magnetic C om pton profile of nickel. T he directional spin d is tribu tions were evaluated  out 
to  70 reciprocal lattice  vectors (com pared with 249 used in th e  APW  calculation) and then 
spherically averaged. T he re su lta n t spin-dependent C om pton profile is illustra ted  in figure
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7.1(b) and corresponds to  a to tal m agnetisation of 0.56 Bohr magnetons per atom .
T he availability of circularly polarised rad ia tion  to  probe the unpaired spin d istribu­
tion in ferrom agnets potentially offers a more p ractical method of measuring their m ag­
netic C om pton profile than  th a t of nuclear o rien ta tio n . In general synchrotron rad ia tion  
facilitates higher beam intensities and hence considerably shorter exposure times th an  the 
rival technique (i.e. several hours compared w ith  several hundred hours). Furtherm ore 
subsequent experiments may be performed a t  room  tem perature ra the r than depend on a 
critically cooled sub-kelvin source environm ent.
7 .4 . E x p e r im e n ta l  M eth o d
T he experim ental measurements were carried o u t using the powder diffraction port 
on the wiggler beam line (W9) of the D aresbury SRS. The layout of th e  machine between 
dipole m agnets 8 and 9. where the wiggler is positioned, is illustra ted  schematically in 
figure 7.4 (taken from Greaves, Bennett, Duke, H olt and Suiter, 1983). The apertu re  of 
beam line W9 is 64 mrad (3.7°) and transm its ~  70 %  of the to ta l power em itted  in 
straigh t 9 (i.e. ou t of a to ta l fan of 102 m rad). T he powder diffraction sta tion  is posi­
tioned approxim ately 16 m away from the wiggler tangent points and receives a  m ax­
imum flux of 220 mW mrad-1 mA-1 corresponding to  an electron energy of 2 GeV (com­
pared w ith  41 mW mrad-1 mA-1 em itted from a  s tan d ard  1.2 T  dipole bending m agnet).
T he experim ental arrangem ent adopted is show n schematically in figure 7.5. The 
incident beam  was collim ated by a  set of m ain s lits  which enabled a  portion of the in ten­
sity  ~  1.5 mm (0.09 mrad) above the o rb ital p lane to  be selected by fine ad justm en t of 
the secondary slits. The remaining flux was m onochrom ated by a vertically dispersing Si- 
220 double crystal arrangem ent to produce 33.7 keV radiation. T he function of the slits in 
front of th e  sample was to absorb any unw anted “ scattered” intensity . A shielded ger­
m anium solid s ta te  detector, similar to th a t  em ployed in conventional Compton sca ttering  
experim ents, was used to  record the in tensity  o f th e  beam scattered through an angle of 
150 ± 2°. Such a  back scattering geometry corresponds to  an energy transfer of ~  3.4 keV
F ig u r e  7 .4  The layout of the Daresbury SRS straight 9 including th e  dipole 
ad jacen t to the superconducting wiggler magnet.
germanium
detector
s l i t s
F ig u r e  7 .5  (a) A schem atic representation of the experim ental arrangem ent on the 
powder diffraction p o rt of the wiggler beam line for m easuring the m agnetic C o m p ­
ton protile of iron.
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whence the Compton peak can be clearly  separated from the elastic line.
The magnetic field in the 40 m m  x 100 rnm x 5 mm iron sample was provided by a 
soft iron electrom agnet and was reversed a t 10 and 20 s intervals in an asynchronous cycle 
with a period of 80 s. controlled by a  BBC microcomputer. T he m agnetisation direction 
within the sample was aligned as nearly  parallel to  the scattering vector as possible to 
maximise the scattered in tensity  (i.e. th e  scalar product in eq. 7.3 assumes its maximum 
value). For each field direction the sca tte red  energy spectrum  was recorded in separate 
halves of an O rtec m ultichannel an a ly se r memory. A to ta l of 1.4 x 10* counts were accu­
mulated under the Compton line in 3 .5  hours with the SRS operating a t  2 GeV with an 
initial curren t of 150 mA. T he beam  lifetim e was approxim ately 5 hours and the intensity 
throughout the experim ent was continuously m onitored by an ion cham ber positioned 
immediately before the sample.
This experim ent was ham pered severely throughout by the confined space available 
in the powder diffraction work s ta t io n . This made optim isation of th e  experimental 
arrangem ent a t the beginning of each  beam cycle extrem ely arduous and tim e consuming. 
As a result ~  50 %  o f the available in tensity  was lost (the beam is a t its  m ost intense a t 
the beginning of its  life) which effectively limited the level of s ta tistical accuracy th a t  
could be attained . In addition th e  optim isation procedure was further constrained by 
heating effects in the main slits. T h is  caused the ad justing  mechanism to  jam  and conse­
quently reduced the ex ten t to  which th e  experimental conditions could be varied. In to ta l 
three a ttem pts  to  measure the m agnetic  Compton profile of iron were made for different 
electron beams. The recurrent fa ilure o f the synchrotron to  confine the circulating electron 
beam to a  well-defined orb it, how ever, prevented more than  one datase t of sufficient s ta­
tistical accuracy being recorded.
7 .4 .1 . S a m p le  M a g n e tis a tio n
The field required to  com pletely align the individual spins in a pure ferromagnetic 
crystal is given by the direction d ependen t sa tura tion  magnetic field. M,. Table 7.1 gives
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the value of Mt per cm3 along with o ther spin-dependent constants for three common fer- 
romagnets.
Ferrom agnet M,
T cm 3
Bohr M agnetons 
(atom *)
8 Curie Point 
(*C)
Iron 0.1714 2.219 2.10 770
C obalt 0.1422 1.715 2.18 1115
Nickel 0.0481 0.604 2.21 354
T a b le  7.1 Spin-dependent constants of three com m on ferromagnets.
Although iron is the most difficult o f these elements to  completely magnetise it 
possesses the largest magnetic mom ent per atom . T h is indicates th a t  the spin contribu­
tion to  the to ta l profile measured in a m agnetic C om pton  scattering experim ent is poten­
tially  the m ost significant for th is ferrom agnet whence J mM(p .)  can be more readily 
observed.
Since the iron sample prepared for this s tu d y  was polycrystalline, the required 
sa tu ra tion  field was considerably higher th an  th a t  given in table 7.1. This difference is a 
resu lt of the difficulty in orienting individual gra ins, some of which may be aligned paral­
lel to  the direction least preferred spin o rien ta tion  (i.e. [110] for iron) in the unm agnetised 
s ta te . P ractically , therefore, com plete spin a lignm ent is rarely achieved for polycrystal­
line ferrom agnets.
For a  m odera te current of 0.5  A, th e  num ber o f turns around the core of the horse­
shoe magnet used to  magnetise the iron sam ple w as calculated to  be ~  130. Since the 
ac tual num ber of tu rn s  used was in excess of 800, then a s ta te  close to satu ra tion  was 
ensured. In add ition , to  minimise th e  effects of flux leakage between the polepieces and  the
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sample, the areas of contact were ground and polished flat.
In its working state  with a cu rren t of 0.5 A the field a t  th e  surface of the sam ple was 
measured to  be — 0.4 T  which is more than double th a t  required to  completely s a tu ra te  
crystalline iron. Since the value o f M, for iron is relatively high, th is field is also sufficient 
to  align the m ajority  of the unpaired  spins present in both  nickel and cobalt, the former 
ferrom agnet being the second su b jec t of this study.
7 .5 . R e su lts  a n d  D iscussion
7 .5 .1 . Iro n
A typical spectrum  recorded from one spin orien ta tion  in th e  magnetised iron sam ple 
is shown in figure 7.6(a). It can be seen th a t  the elastically  sca ttered  line (33.7 keV) is 
clearly separated from the C om pton  line (30 keV) and is considerably narrower (FW HM  
— 600 eV). Figures 7.6(b) and (c) show the intensity  difference between the tw o spin 
direction m easurements for ip = 0 and 0.09 mrad (i.e. Pe ~  0.56) over the region of the 
C om pton peak. A t the powder diffraction station  these values of azim uthal angle 
correspond to  relative displacem ents of 0 and 1.5 mm above th e  orb ital plane respectively. 
Since the coupling between circu larly  polarised rad ia tion  a n d  unpaired electrons neces­
sarily involves a  transfer of energy from probe to  ta rg e t (see eq. 7.3) the elastically sca t­
tered in tensity  is independent of m agnetic effects. Hence th e  disappearance of th e  elastic 
peak (and of the iron K„ and Ke fluorescent lines, no t show n) indicates th a t  system atic 
errors are absent from the difference spectra. In addition  th e  relatively short counting 
tim e for each field direction (i.e. 20 s maximum) ensures th a t  both datase ts are largely 
unaffected by either the decay o f th e  source or instabilities in  th e  electron beam.
In the plane of the electron o rb it the incident photons a re  completely linearly polar­
ised (i.e. Pc = 0) and as a resu lt figure 7.6(b) shows only a  random  scatter of po in ts abou t 
the energy axis (i.e. AJ conform s to  a  norm al d istribu tion  o f mean zero). For the off-axis 
m easurem ent, however, there is a  residual positive peak in th e  difference spectrum  around 
the position of the Compton peak  energy. Compared to  th e  to ta l Compton sca ttered
■ i i_____I_____I_____I 1--------1------- 1--------1------- 1-------- L
25 30 35
Energy (KeV)
ig u re  7 .8  (a) the spectrum  from magnetised iron for one spin o rien ta tion  ind icating  the 
position o f the elastic (33.7 keV) and C om pton  (30.0 keV) lines. T h e  intensity 
difference between spin directions for m easurem ents made in the o rb ita l plane (+ = 0 
mrad) and  1.5 mm above the orb ital plane (•'• - 0.08 mrad) are show n in parts (b) 
and (c) respectively. All d a ta  have been averaged in blocks of 10 channels  and the 
in tensity  scale is in arb itrary  units.
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intensity, this difference represents a 1 %  effect which is in good agreem ent w ith  tha t 
expected from cross-section considerations for this incident energy (see Holt an d  Cooper, 
1983). It has been shown th a t the hand of elliptical polarisation reverses as th e  orbital 
plane is crossed (see Lipps and Tolhoek, 1954). For m easurements below the o rb ita l  plane, 
therefore, the sign of the spin-dependent difference would change according to  eq . 7.3 and 
a peak of net negative area would be observed.
In order to  improve their s ta tistical accuracy, which is lim ited by th e  difficulties 
encountered in optim ising the experim ental conditions, the d a ta  plotted in figure 7.6 have 
been averaged in blocks of 10 channels (AE = 200 eV). T he anticipated volcano s tructu re  
of the magnetic profile is actually visible in the raw d a ta  when presented in th is  m anner.
Figure 7.7 shows a left/righ t average of the difference d a ta  after th e  transfo rm ation  
to  an electron m om entum  scale. Here the isotropic spin-dependent C om pton  profile is 
plotted after th e  correction for the energy variation of the cross-section (eq. 7 .3) has been 
applied. The corrections for photoelectric absorption and m ultiple sca tte ring , however, 
were not made to  the experimental d a ta  in view of the poor statistical accuracy  of the 
results.
Also included in figure 7.7 is the APW  calculation of W akoh and K ubo (1977) (indi­
cated by the broken line) which has been convoluted w ith a G aussian of FW H M  0.9 a.u. 
This represents the overall m om entum  resolution due to  detector and geom etrical 
broadening effects (see eq. 3.8). A fter norm alisation of the experimental d a ta  to  1.05 elec­
trons between 0 and 5.0 a.u., corresponding to the area of the theoretical m agnetic  profile, 
there is reasonable quantitative agreem ent between the measured spin density  d istribu tion  
and th a t calculated by the APW  m ethod. Although th e  dip a t  the origin p red ic ted  by the 
calculation is observed experimentally, a  detailed assessment of its m agnitude cannot be 
made due to  th e  experimental error over the region of the difference profile [i.e. ~  35 %  
j|n»*(0)]. T he fa c t th a t  the lineshape has the correct half-w idth coupled w ith  its  complete 
disappearance in the orbital plane, however, indicates th a t  the data  shown in figure 7.7 
corresponds to  th e  first successful m easurem ent of the spin dependent C om pton  profile of
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F ig u r e  7 .7  Com parison of the spin dependent C om pton profile of iron obtained experi­
m entally with the results of an APW calculation (broken line -see W akoh and Kubo. 
1977). T he band calculation has been convoluted w ith a Gaussian of FWHM 0.9 a.u. 
corresponding to  the experim ental resolution half-w idth. T he measured d a ta  has 
been averaged over both sides of the profile and normalised to 1.1 electrons between
0 and 5 a.u.
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iron with circularly polarised synchrotron rad ia tion .
7 .5 .1 .1 . S ig n ific an ce  o f  R e su lts
T he magnetic C om pton profile of iron m easured by Sakai e t al (1984) is o f substan ­
tially  be tter s ta tis tic a l accuracy than  Jm,,(q ) presented here (i.e ~  12 %  c.f. ~  35 %  a t 
the difference peak). T his is because the varia tion  in the ratio  of the magnetic to  the ordi­
nary C om pton cross-section is ~  ------- in w hich case the 129 keV incident photon energy
m0c
employed in the nuclear orien ta tion  experim ent yields the higher sta tistic s from  a lower 
to ta l num ber of counts in each C om pton profile. In addition th e  current experim ental 
arrangem ent is no t op tim um  as reflected by th e  low count ra te  atta ined  in th e  m agnetic 
C om pton profile which is an order a m agnitude less than  th a t  predicted in a  feasibility 
study  (see Holt and Cooper, 1983).
It has recently been suggested by Kim (1984) th a t  cancellation effects aw ay from the 
beam  axis significantly reduce the degree o f circular polarisation th a t  may be obtained  if 
the poin t of observation affords a  view o f b o th  the central and up /dow nstream  wiggler 
m agnets. This is n o t the case, however, since the intensity d is tribu tion  em anating  from 
the centre tangen t point of the wiggler is displaced in energy re la tive to  th a t  produced up 
and down stream  o f th e  circulating electron beam  - i.e. where th e  m agnetic field streng th  
is one half th a t  a t  th e  centre [see figure 7.3(b)]. For the Daresbury wiggler m agnet, there­
fore, cancellation effects are confined to  em itted  photon energies of less th an  ~  20 keV 
and do no t influence th e  polarisation of th e  rad ia tion  utilised in th is  experim ent.
7.5.2. Nickel
T his second study  was performed on th e  topography p o rt on the wiggler beam line 
ad jacen t to  th a t  used for powder diffraction. T he work sta tion  on th is port is considerably 
more spacious th a n  th a t  used for the iron m easurem ent which reduces the problem s asso­
ciated with optim ising the experim ental arrangem ent. A dditionally the m echanical slit 
ad justm en ts  are com puter controlled w hence th e  effects of collim ation etc. on th e  recorded
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intensity could be readily assessed.
The experim ental arrangem ent employed to  measure the m agnetic C om pton profile 
of nickel was very similar to th a t described in section 7.4 except th a t  a germ anium  333 
single crystal was used to  monochrom ate the incident beam  (see Cooper, Laundy, 
Cardwell, Tim ms. Holt and C lark, 1986). The 46.4 keV incident rad ia tion  was then sca t­
tered through an angle of 151 = 2° which subsequently produced a C om pton peak a t  39.6 
k«V.
T he actual nickel sample consisted of a composition of 2 cm wide by 10 cm long 
layers of high purity nickel foil pressed together to form a single sheet of thickness ~  0.4 
cm. The ends of the sheet were held firmly in contact by soft iron clamps of th e  sam e con­
tac t dimensions as the magnet polepieces to minimise the effects of flux leakage. To 
enhance its magnetic properties, th e  nickel foil was annealed before the sam ple was con­
structed. T h is effectively produces a  larger average grain size th an  present in the unan­
nealed polycrystal resulting in a lower saturisation m agnetisation. Since crystalline nickel 
is easier to  satu ra te than  iron (M, ~  0.5 compared with 0.17 - see tab le 7.1), a  greater 
fraction of the unpaired spins are aligned by the horseshoe m agnet in th is study  than  in 
the first m easurem ent. The effective num ber of Bohr m agnetons per atom , however, is less 
than  th a t  for iron and consequently the magnetic contribu tion  to  the to ta l C om pton 
cross-section for nickel is lower by — 75 %.
Since th e  topography port is som e 35 m d istan t from th e  beam  o rb it th is measure­
m ent was m ade a t ~  8 mm above beam  axis corresponding to  an azim uthal angle of 0.24 
mrad (i.e. Pe >  0.05). The resolution of this experim ent was 0.8 a.u .
The num ber of counts accum ulated in each spin-dependent C om pton profile afte r an 
exposure tim e of 1 hour was — 2*104 which is considerably less than  th a t  ob tained  for 
iron. Subsequently only ~  200 counts were recorded in the difference profile for th is meas­
urem ent (compared w ith ~  1000 for th e  iron measurement) w hich corresponds to  an error 
of — 40 %  a t  the Compton peak energy. Even so a  net positive area was detected  with
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th e  elastic line again cancelling to  indicate th a t  the d a ta  was Tree from system atic errors. 
T he difference was then corrected Tor the energy varia tion  of bo th  the C om pton  cross- 
section and the sam ple absorption before transform ation to  a m omentum scale v ia eq. 7.3. 
T he resu ltan t magnetic C om pton profile is shown in figure 7.8. T his d a ta  has been aver­
aged in m omentum blocks of w idth 1.5 a.u. to  im prove its  s ta tistical accuracy and  nor­
malised to  0.606 - i.e. the num ber of unpaired spins per ato m  present in nickel. A ddition­
ally a  le ft/rig h t average has been taken. This d istribu tion  represents the first observation 
of the magnetic C om pton profile o f nickel by any experim ental technique.
The spin-dependent profile derived from the O PW  calculation of Rennert e t  al (1983) 
is indicated by the dashed line in figure 7.8 and has been convoluted with a  G aussian  of 
FW HM  0.8 a.u. corresponding to  the width of the experim ental resolution function . Again 
th e  dip in Jms((q) a t  the origin due to  the negative s /p  hybrid polarisation is evident in 
the experim ental d a ta  although th e  statistical error of the m easurem ent preven ts quanti­
ta tiv e  assessm ent of the lineshape. The experim ental result, however, is in good agreem ent 
w ith theory a t all points in the d istribution to  w ithin 2o  o f the statistical error.
7 .5 .3 . C o m p a r is o n  o f  th e  I ro n  a n d  N ick e l M e a s u re m e n ts .
A part from the m agnitude of the respective d istribu tions, perhaps th e  most 
significant difference difference between the theoretical m agnetic C om pton profiles of iron 
and nickel is th a t  the la tte r extends to higher m om entum  ( ~  7 a.u. com pared w ith  ~  5 
a.u.). This prediction is confirmed by experim ent in both  studies as can be seen from 
figures 7.7 and 7.8, respectively. Although both  m easurem ents are subject to  a  high s ta­
tistical error they are entirely  consistent w ith the resu lts of the available theory  and 
encourage further research.
Since the nickel d a ta  was accum ulated for a  relatively sh o rt period of tim e  (com­
pared w ith the iron m easurem ent), the significance of th e  result suggests th a t  th is  meas­
urem ent was performed much closer to optim um  experim ental conditions. A dditionally  if 
the difference in th e  num ber of Bohr m agnetons per a tom  between the tw o ferrom agnets
F ig u r e  7 .8  Com parison of the experim ental spin dependent C om pton  profile of nickel 
with the resu lts o f an O PW  calculation (broken line - see R ennert e t al. 1983). The 
measured d a ta  has been normalised to  0.3 between 0 and 6 a.u . and averaged over 
both sides of th e  profile in 1.5 a.u . blocks of m omentum to  im prove its s ta tistical 
accuracy. T he theory has been convoluted with a Gaussian of FVVHM 0.8 a.u. 
corresponding to  th e  half-width of the experim ental resolution function.
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is taken into account, the net gain in measured in tensity  compared to th a t ob ta ined  in the 
iron study is up by about an order of m agnitude. Repetition of the iron m easurem ent, 
therefore, on th e  topography port should enhance the statistical accuracy of th e  magnetic 
Compton profile by a t least a  factor of 3 in which case the experiment could establish any 
discrepancies between Jm, f (q) observed and th a t  derived from the APW  band calculation. 
A further m easurem ent of the magnetic Compton profile of nickel with a  longer exposure 
time would also facilitate a  more meaningful in terpretation  of the shape of J m»,(q) than 
th a t possible here.
7 .0 . C o n c lu s io n s
In conclusion it can be stated  th a t  the detection of the magnetic C om pton  profiles of 
iron and nickel is by far the most exciting development in contemporary m om entum  den­
sity  studies.
The degree of difficulty in measuring Jm.,(q )  is gradually being reduced. Indeed, 
these results suggest th a t subsequent m easurem ents on the topography p o rt will not be 
limited by low count-rates (a  positive result was obtained in the nickel s tu d y  for a  very 
short exposure tim e). W ith m ultiple scattering  and geometrical broadening corrections, in 
particular, included in the processing of the m agnetic difference d ata , therefore , this tech­
nique provides potentially detailed inform ation ab o u t the spin density d is tribu tion  com­
plem entary to  th a t  extracted from neutron sca ttering  experiments (see M arshall and 
Lovesey, 1971).
Blume (1985) has pointed to  the great wealth of information about m agnetic systems 
embedded in th e  X-ray scattering cross-section. T he results of th is study dem onstra te con­
clusively th a t  magnetic effects can be observed experimentally by utilising a characteristic 
of synchrotron radiation h itherto  unexploited in m omentum density stud ies. T he tech­
nique described here has proved by fa r the m ost practical m ethod of m easuring the mag­
netic C om pton profile and its success represents a  significant step forw ard in Compton
spectroscopy.
SU M M A R Y
Over recent years Compton spectroscopy has advanced significantly w ith a be tte r 
understanding of geometrical broadening, m ultiple scattering and source broadening. 
Accompanying th is progression has been the ability  to  deduce C om pton profiles o f high 
statistical accuracy [ ir <  0.5 % J(0)] which exhibit a high degree or sym metry as illus­
tra te d  in the present work. This enables more inform ation to  be extracted from th e  m eas­
ured data  and facilita tes resolution between sm all differences in directional m easurem ents 
such as those present in good free electron m etals. In addition, the lim itations of low 
energy spectrom eters have been established and are now used solely for the deduction  of 
anisotropic d a ta . This com plem ents the more reliable, bu t usually less accurate, high 
energy m easurem ents.
A part from density functional theory, the application of band calculations to  
momentum density  studies has seen very little ac tiv ity  over the past decade due prim arily  
to  the inability of experim ent to resolve the sm all differences between the results o f the 
various band m ethods. It is now possible, however, to  analyse the q u an tita tiv e  
deficiencies of band  calculations, such as the occupation of high m om entum  sta tes , ra th e r 
than  merely identifying trends in theory - experim ent difference d ata . In particu la r the 
present study has highlighted the APW  method to  be a  versatile theoretical tool in calcu­
lating the C om pton  profiles of simple, transition and ferrom agnetic elements. Associated 
with the resurrection of density functional theory has been the problem of de term ining  
momentum densities from the solutions of the Kohn-Sham equations (i.e. w ithin th e  local 
approxim ation). T his appears to  have been overcome with the advent and applica tion  of 
the Lam -Platzm an correction which substantially  improves the agreem ent between experi­
ment and theory as illustrated in chapter 6. Consequently the convergence of theore tical 
densities to  those observed experim entally, particu larly  for transition  metal elem ents, has 
been accentuated over the past tw o years.
In previous studies theoretical C om pton profiles have been found to  overestim ate 
significantly and consistently the peak height of their experim ental counterparts. In th is  
study the m agnitude of this discrepancy has been reduced considerably • typically to  
within 2tr for the APW  band theory. Again this reflects an im provem ent in the d a ta  
reduction procedure and the ability  to  correct theoretical d a ta  for th e  effects of exchange 
and correlation.
The m ost significant and exciting advance in C om pton spectroscopy during th is  
work has been th e  detection of the m agnetic C om pton profiles of iron and nickel using 
synchrotron rad ia tion . These m easurem ents represent the first observation of spin- 
dependent effects by this technique and point to  the beginning of a new generation of 
Compton sca tte ring  studies.
F u tu r e  D e v e lo p m e n ts
Common spectrom eter system s used for C om pton sca ttering  m easurem ents are. in 
general, restricted to  a unique sca tte ring  geom etry. Tw o system s under curren t develop­
ment, however, incorporating IS7Cs and 6lCr -y-ray sources and located a t  th e  U niversity 
of Warwick and th e  Hahn-M eitner Institu te , Berlin respectively, have been designed w ith  
a  variable sca tte ring  geom etry. T hese facilita te determ ination  of th e  C om pton cross- 
section for a  range of sca ttering  angles which will u ltim ate ly  establish th e  validity  of the 
d a ta  processing appropriate  to  each system . In addition  to  varying the sca tte rin g  
geometry, it  is also desirable to  incorporate a range of high energy sources in the spec­
trom eter design. Although no such system s are a t  present planned, this m odification 
would allow em pirical assessm ent of curren t d a ta  processing sim ulations such as the m ul­
tiple scattering and  source broadening corrections.
W ith th e  com pletion of the transition  metal m easurem ents, the progression from ele­
m ental to  m etallic com pound studies is im m inent. Such an investigation concerned w ith 
the m omentum d is tribu tion  in an  iron-nickel alloy is already underw ay a t  th e  U niversity 
of Warwick. C om pton  sca tte ring  studies of o ther physically in teresting  system s, such as
-  1 1 7 -
phase transitions, have y et to be performed with a high degree of reliability which, as 
illu s tra ted  by this study , is now possible.
The greatest po ten tial o f experim ental C om pton sca ttering  undoubtedly lies in the 
s tu d y  of spin-dependent effects in ferrom agnets. In succession to  the results presented here 
a n o th e r measurem ent of the magnetic C om pton profile of iron has been perform ed on the 
topography port. This study  observed an  increase by an order of magnitude in the num ber 
of counts under the difference profile (see Cooper, Laundy, Cardwell, T im m s, H olt and 
C la rk , 1986). T his enables a quan tita tive  study of th e  lineshape to  be m ade and hence 
form s the basis of a more meaningful comparison w ith theory than  th a t  presented in 
ch a p ter 7. W ith continued optim isation  of the available synchrotron in tensity  and experi­
m ental arrangem ent ano ther increase by an order of m agnitude in the accuracy of the 
m easured profile is an ticipated . This would facilitate th e  study  of other ferrom agnets with 
relatively few unpaired spins such as cobalt and gadolinium in addition to  a repetition  of 
th e  nickel investigation presented in section 7.5.2 b u t for a  longer exposure tim e. The 
inform ation potentially  available from profile m easurem ents above and below the fer­
rom agnetic transition  tem pera tu re  is profound. Consequently the results of the next gen­
era tion  of Compton sca tte ring  experim ents will provide a stringen t tes t o f th e  predictions 
o f fu tu re  band calculations.
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